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ABSTRACT

The thesis is aimed to understand the aspects of the black hole phase transitions and the
underlying microstructures in anti-de Sitter spacetime. In contrast to the conventional black
hole thermodynamics, there exist the thermodynamic variables pressure and volume in the
extended thermodynamics approach, which arise from the dynamic cosmological constant.
With this utility, we have researched the following things: (i) We used Landau continuous
phase transition theory to discuss the van der Waals like critical phenomena of the black hole.
The well-known interpretation of the phase transition of an AdS black hole as being a large
and small black hole transition is re-interpreted as being a transition between a high poten-
tial phase and a low potential phase. (i1) We probed the phase structure of the regular AdS
black holes using the null geodesics. The radius of photon orbit and minimum impact pa-
rameter shows a non-monotonous behaviour below the critical values of the temperature and
the pressure, corresponding to the phase transition in extended phase space. The respective
differences of the radius of unstable circular orbit and the minimum impact parameter can
be seen as the order parameter for the small-large black hole phase transition, with a critical
exponent 1/2. Our study shows that there exists a close relationship between gravity and
thermodynamics for the regular AdS black holes. (ii1)) We studied the interaction between
the microstructures of the Hayward-AdS black hole using Ruppeiner geometry. Our inves-
tigation shows that the dominant interaction between the black hole molecules is attractive
in most part of the parametric space of temperature and volume, as in the van der Waals sys-
tem. However, in contrast to the van der Waals fluid, there exists a weak dominant repulsive
interaction for the small black hole phase in some parameter range. This result clearly dis-
tinguishes the interactions in a magnetically charged black hole from that of van der Waals
fluid. (iv) By employing a novel Ruppeiner geometry method in the parameter space of tem-
perature and volume, we investigated the microstructure of Born-Infeld AdS black hole via
the phase transition study, which includes standard and reentrant phase transition. We found
that the microstructures of the black hole that lead to standard and reentrant phase transi-
tions are distinct in nature. The critical phenomenon is observed from the curvature scalar,

including the signature of the reentrant phase transition.

Keywords: Black Hole Chemistry; Black Hole Phase Transitions; Landau Theory of Phase

Transitions; Photon Orbits; Ruppeiner geometry; Black Hole Microstructures.
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Chapter 1

Introduction

Physics is like sex: sure, it may give some practical results, but that is not why we do it.

Richard P. Feynman

At the time of writing this thesis, the Nobel prize in physics 2020 was awarded to Roger
Penrose, “for the discovery that black hole formation is a robust prediction of the general
theory of relativity”, and to Reinhard Genzel and Andrea Ghez, “for the discovery of a
supermassive compact object at the centre of our galaxy.” Along with this and other re-
cent developments like detection of gravitational waves and black hole shadow, ushered
new astrophysical interests on black hole physics (Abbott et al., 2016a,b,c; Akiyama et al.,
2019b,a,c). However, the theoretical developments are far ahead of astrophysical observa-
tions due to the importance of black hole physics in several areas like quantum mechanics,
quantum gravity and string theory. Black hole thermodynamics began with a quest for in-
corporating quantum mechanical nature to a black hole, which had purely classical origin
in general relativity. Since the pioneering work in this regard by Hawking and Bekenstein,

black hole thermodynamics remains an exciting topic in contemporary research.

The first step taken in establishing such a domain by Hawking and Bekenstein was by
introducing temperature and entropy for a black hole, which are related to surface gravity «
and area of the black hole, respectively (Hawking, 1975; Bekenstein, 1972). The four laws
of black hole mechanics parallel to classical thermodynamics were soon proposed by taking
the mass of the black hole as the internal energy (Bekenstein, 1973, 1974; Bardeen et al.,
1973). The importance of AdS black holes in black hole thermodynamics was realised in

the early stages of these developments from the result that thermodynamically stable black
1



holes exist only in AdS space. This contrasts with the Minkowskian case, where the black
hole has a negative specific heat and disappears by emitting Hawking radiation. This happens
because the boundary of AdS space acts like walls of a thermal cavity. Inside this closed box-
like space, below a certain temperature, only radiation can exist. Nevertheless, above that
temperature, the radiation becomes unstable and hence collapses, resulting in the formation
of black holes. The black holes thus formed, exists in two forms, larger ones with positive
specific heat, which are locally stable, and smaller ones with negative specific heat, which
are unstable. The phase transition between these black holes and radiation at the transition
temperature is termed as Hawking-Page transition (Hawking and Page, 1983; Page, 2005).
In high energy physics, the topic AdS space got the attention of a larger audience after the
proposal of AdS-CFT correspondence by Maldacena (1999). This gauge-gravity duality
relates gravity theory in an AdS space to the conformal field theories at the boundary of that
space. When Hawking Page transition is seen in the light of AdS-CFT language, it appears

as the confinement/deconfinement phase transition in QCD (Witten, 1998).

It is interesting to note that the familiar PdV term is missing in the first law of black hole
thermodynamics in the elementary approach. The hint for solving this riddle comes from
the role of the cosmological constant in Einstein equations, where it gives the pressure term.
The introduction of pressure term to black hole thermodynamics is done through dynamical
cosmological constant A, which also has other fundamental implications like the consistency
of Smarr relation with first law (Kastor et al., 2009). In this approach, the conjugate quan-
tity of A is taken as the thermodynamic volume. The modified first law of thermodynamics
with a PdV term gives a new interpretation to the mass of the black hole as enthalpy (Dolan,
2011a). The new perspective on mass and cosmological constant in black hole thermody-
namics resulted in phenomenal consequences, enabling one to establish newer analogies with
the well-known phenomena in classical thermodynamics. Understanding AdS black hole as
a replica of van der Waals system by Kubiznak and Mann (2012a) was a milestone in this
regard !. It is found that the critical exponents corresponding to the critical behaviour of van
der Waals fluid and charged AdS black holes belongs to a universality class. i.e. the mean
field exponents of the phase transitions are identical in these systems. Since then, many

studies were conducted on various AdS black holes in different contexts but with universal

'In fact, the first progress beyond Hawking Page phase transition happened after the identification of a
rich phase structure isomorphic to van der Waals liquid-gas system in RN-AdS black hole (Chamblin et al.,
1999a,b) and Kerr RN-AdS black hole (Caldarelli et al., 2000).

2



features. As a result of these new developments, a new research domain was established,

known as the black hole chemistry (Kubiziak et al., 2017).

In black hole physics, one of the most intriguing questions is whether it has a microscopic
structure. As Boltzmann said, “If you can heat it, it has microscopic structure,” which is one
of the simplest and elegant answers to this question. As the black hole absorbs or emits
matter, its Hawking temperature changes, which suggests that the black hole must have a
microstructure. By studying these phase transitions, the microstructure of the black hole
can be investigated through thermodynamic geometry methods. Ruppeiner geometry has
proven to be quite useful and interesting to probe the interactions of a black hole from its
macroscopic thermodynamic properties (Ruppeiner, 2008). In this technique, a line element
which is the measure of the distance between two neighbouring fluctuation states, is defined
in an appropriate parametric space (Ruppeiner, 1995). The curvature scalar constructed using
this line element is an indicator of the nature of the microstructure of the system, a positive
sign for repulsive and a negative sign for attractive interactions. The interpretation of this
correspondence in black hole physics is adopted from the results obtained by the applications

of Ruppeiner geometry to ordinary thermodynamic systems.

Combining the idea of the dynamic cosmological constant in black hole chemistry with
the thermodynamic geometry, a new method of investigating the black hole microstructure
was proposed by Wei et al. (Wei and Liu, 2015). In this method, mass and pressure were
taken as the coordinates of the parameter space, and a new concept of the number density of
black hole molecules was introduced. The most spectacular outcome of this construction was
the existence of a repulsive interaction in the microstructure of a charged AdS black hole.
Despite the substantial generalisations and applications of this method, the scalar curvature
thus constructed was lacking the characteristic divergence behaviour near the critical point.
This imperfection compared to the earlier geometrical methods called for a re-analysis of
the basic setting of the methodology. Recently, a new revised method to rectify the above
shortcoming was proposed by Wei et al. within the framework of Ruppeiner geometry (Wei
et al., 2019a,b). The vital issue lurking in previous attempts were the non-independence of
the thermodynamic variables entropy and volume for a spherically symmetric AdS black
hole. This leads to a vanishing specific heat, and hence a singularity in line element and
a divergent curvature scalar. In the new approach, treating the specific heat as a tiny con-

stant close to zero and employing the temperature and volume as fluctuation coordinates, a
3



normalised curvature scalar was defined to probe the black hole microstructure. The new
curvature scalar aptly features the critical phenomena and microstructure interactions of the
black hole with universal properties.

It is worth noting that the investigation of the microstructure of the black hole system
has been one of the major challenges in black hole physics for the past few decades. Even
though string theory and loop quantum gravity provide tools to understand quantum gravity,
there is no complete theoretical description for it. Therefore the microscopic physics of black
holes is confined to some phenomenological approaches. However, when we seek the nature
of microstructure, we do not have a clear picture of the black hole constituents; we take an

abstract concept that black holes are constituted of black hole molecules.

1.1 Objectives of the Thesis

The primary objective of this thesis is to study the phase transitions and to probe the un-
derlying microstructure of black holes in the anti-de Sitter spacetime. Our research mainly

focuses on:

* Investigating the critical phenomena of the charged AdS black holes using the Landau

theory of phase transition. Perceiving black hole phase transition in different pictures.

+ Understanding the phase structure of the black hole. Obtaining mean-field exponents

and order parameters that characterise the black hole phase transition.

» Studying the connection between gravity and thermodynamics of AdS black holes via

null geodesics, both analytically and numerically.

 Addressing the challenges in applying thermodynamic geometry to a spherically sym-

metric AdS black hole using novel methods.

* Probing the nature of microstructure interaction in AdS black holes using the Rup-

peiner geometric method.

+ Studying the reentrant phase transition in an AdS black hole system and probing the

underlying microstructure via a geometric method.

* Devising numerical techniques to implement the above objectives to the black hole

systems without analytical solutions.



1.2 Organisation of the Thesis

The thesis is organised as follows:

Chapter 1: This chapter gives a brief introduction to the thesis. The chapter also includes
the scope and objectives of the research and organisation details of the thesis.

Chapter 2: Here, we present a comprehensive view of black hole thermodynamics span-
ning over the pioneer works to contemporary researches. The elements of black hole ther-
modynamics are followed by their extension to anti-de Sitter spacetime. The extended phase
space thermodynamics and critical phenomena of black holes are briefly discussed.

Chapter 3: In this chapter, the thermodynamic geometry is discussed to investigate the
microstructure of a thermodynamic system. The novel Ruppeiner method to probe the mi-
crostructure of spherically symmetric AdS black hole in the parameter space of temperature
and volume is discussed.

Chapter 4: The connection between thermodynamic phase transition and gravity is in-
vestigated using null geodesics. The study is carried out for Hayward AdS black hole ana-
lytically and for Bardeen AdS black hole numerically. The orbit parameters of the photon
orbits are shown to be the order parameters that characterise the black hole phase transition.

Chapter 5: Here, the phase structure of a regular Hayward black hole is studied. The
small-large black hole phase transition analogous to the first order van der Waals liquid-gas
transition is understood from the Landau theory of phase transition. The phase transition is
understood as a transition between different potential phases of the black hole.

Chapter 6: The microstructure of the Hayward AdS black hole is investigated using the
novel Ruppeiner geometry method. The nature and strength of the black hole microstructure
interaction are phenomenologically understood from the Ruppeiner curvature scalar.

Chapter 7: The reentrant phase transition in the Born-Infeld black hole is studied in de-
tail. The underlying microstructure is investigated by using the Ruppeiner geometry method.
We show that the reentrant phase transition arises from a different microstructure than that
of a standard phase transition (van der Waals like).

Chapter 8: The thesis is summarised here with a discussion on results and future re-

search.






Chapter 2

Ingredients of Black Hole Chemistry

If I have seen further, it is by standing on the shoulders of giants.

Isaac Newton

Summary

In this chapter, we outline the fundamentals of black hole chemistry. The basics of black hole ther-

modynamics in AdS spacetime is presented.

In physics, thermodynamics is a general and powerful tool to understand the physical
properties of a system and a wide range of phenomena. The simplicity of thermodynamics
lies in its inherent property that the microscopic details are not necessary to explore macro-
scopic physics. This property is particularly useful in dealing with the systems for which the
microscopic details are not well understood, such as quantum gravity. Therefore, the lack of
complete knowledge of the quantum aspects of a black hole offers a perfect scenario for the

application of thermodynamics to probe its microscopic details.

Black holes being thermodynamic systems, exhibit a rich class of phase transitions,
which are the key tools in probing their properties in black hole chemistry. The quite in-
teresting facet of black hole thermodynamics is the phase transition and related phenomenon
in AdS spaces. Inrecent times the interest in AdS black hole thermodynamics aroused among
the researchers after the identification of the cosmological constant with the thermodynamic
pressure and the modification in the first law by including the corresponding variations (Kas-
tor et al., 2009; Dolan, 2011b). With this association, it was demonstrated that the phase
transition features of AdS black holes could be seen as van der Waals like and/or reentrant

phase transitions (RPT) (Kubiznak and Mann, 2012a; Gunasekaran et al., 2012; Kubiznak
7



et al., 2017).

The purpose of this chapter is to sketch the foundations of black hole chemistry. To be-
gin with, we will briefly review the conventional black hole thermodynamics. The Smarr
relation for asymptotically flat and asymptotically AdS black holes are presented. With the
motivation of the inclusion of dynamical cosmological constant in black hole thermody-
namics, we will discuss the methods to obtain the first law of black hole mechanics in AdS
spacetime. The rich thermodynamic properties that emerge from this extended version of
thermodynamics are presented in the black hole chemistry section. The presentation in this

chapter is inspired by Ref. (Hennigar, 2018; Mbarek, 2019; Mann, 2015)

2.1 Standard Black Hole Thermodynamics

The laws of black hole mechanics can be summarised as follows (Bardeen et al., 1973):

» Zeroth law: The surface gravity x of a stationary black hole is constant over the

event horizon.

* First law: When a black hole system changes from one stationary state to another,
the differences in mass is equal to differences in area times the surface gravity plus

additional work terms.

dM = 8£dA+QdJ+chQ+--- 2.1
T

Where M is mass, Q is the charge, 4 is event horizon area, J is angular momentum, @ =
®, — P, 1s conjugate potential, Q = Q, —Q, is the angular velocity of the black hole.

The subscripts + and oo corresponds to black hole horizon and infinity, respectively.

* Second law: The area of the event horizon of a black hole never decreases through

any classical process, i.e. d4 = 0.

* Third law: No procedure can reduce the surface gravity to zero by a finite number of
steps. 1.e. k, > k41 > 0,n < oco. In other words, it is impossible to create an extremal

black hole in a finite number of steps.

Classically speaking, the above laws demonstrate the connection between ordinary ther-

modynamics and black hole mechanics. In fact, the first such connection was developed as
8



a result of the works due to Hawking and Bekenstein (Hawking, 1975; Bekenstein, 1972,
1973). In his pioneering work, Bekenstein argued that a black hole does possess entropy,
which is proportional to the area of the event horizon via the area law. However, the con-
stant of proportionality was fixed later by Hawking, in his demonstration that a black hole can
emit radiation. Using the quantum field theory calculations in curved spacetime, Hawking

showed that the radiating black hole has a characteristic temperature,

3 hix
- kB27w’

(2.2)

where the physical constants have the usual meaning. The comparison of ko4 term in the
first law of black hole mechanics with the 76S term in ordinary thermodynamics yields the

identification of entropy with the area, which turns out to be,

3 A3

=T (2.3)

The presence of 7 in the above expressions for temperature and entropy, indeed a clear in-
dication of the quantum mechanical nature of the black holes.

In short, in standard black hole we have the following parallels

Energy £ «—— M Mass
Temperature 7 «—— x Surface gravity

Entropy § <«— A4 Horizon area

2.2 Smarr Relations for Black Holes

In formulating the laws of black hole mechanics, one of the key elements that was used
is Smarr relation, the integral mass formula. For the Kerr black hole, Smarr observed that

(Smarr, 1973), the first law of black hole mechanics, which is the differential mass formula,

dM = T dA + QdJ + ddO, (2.4)
9



where J is the effective surface tension, can be written in the integral form as,
M=2TS+2QJ]+ OQ. (2.5)

The Smarr formula is analogous to the Gibbs-Duhem relation in conventional thermodynam-
ics. The integration of Eq. 2.4 to obtain Eq. 2.5 was possible as the black hole mass M is a
homogeneous function of (4,J, 0), and is done using the Euler’s homogeneous function the-
orem. In conventional thermodynamics, this procedure is carried out by regarding energy as
a homogeneous function of extensive thermodynamic variables. It is also worth noting that
the Smarr formula is not restricted to a particular black hole solution, say Kerr, or dimension.
Bardeen, Carter and Hawking have shown that this relation is valid for generic black hole
solutions, and it arises from the basic geometry of the black holes. Myers and Perry later

demonstrated that this relation exists even in higher dimensions (Myers and Perry, 1986).

2.2.1 Smarr Formula for Asymptotically Flat Black Holes

Smarr formula can be derived in two methods, a simple scaling argument method using
dimensional analysis and Euler’s theorem, and a rigorous geometric method using the Komar

integrals. We will demonstrate both methods in this subsection.

Method 1

For a D dimensional stationary black hole of mass M = M(S,.J), the simple dimensional anal-

ysis yields the following length dimensions for its parameters,

M [L)P73, S« [L1P7?, J [LP72 (2.6)
Under the scaling L — aL, we have

M—adP3M, §S—dP2s, J—dP7 (2.7)
With these scale transformation law, the relation M = M(S,.J) read as,

o3 M= M@P28, 0P 72, (2.8)
10



which, after differentiating with respect to a gives,

oM

oM
D-3)aP*M=(D-2)——=a"3S+(D-2)————a"J. 2.9
(D-3)a ( )a(aD‘zS)a ( )O(aD‘ZJ)a (2.9)
By setting o = 1 we have the Smarr formula,
(D-3)M=D-2)TS+ (D-2)QJ, (2.10)
where,
oM oM
T=—, Q=—. 2.11
o5’ aJ 11)
Method 2

We begin by considering a black hole solution which is stationary and axisymmetric, so that

the spacetime has two Killing vectors, say * and ¢p*. The combination of Killing vectors,
& =1"+ Qg% (2.12)

is a null vector on the event horizon of the black hole, where Q is its angular velocity. Let’s
denote the surface gravity as x, which is constant all over the event horizon. The quantity

&% satisfies the relation,

EplhP = ke, (2.13)

on the event horizon. Consider a spatial slice X, extending from the event horizon to spacial

infinity, which has future directed normal »*. On this hyper surface X we integrate,
I= f dE,VVPEr, (2.14)
)

We evaluate the above integration in two ways. In the first approach we use the relation
\Y, ﬁVﬁ = —R%iﬁ , which follows from the fact that £* is a Killing vector. Assuming that the

vacuum Einstein equations hold, this leads to,

f AL VgVPEs = - f dZ,R3¢P = 0. (2.15)
z z
11



In the second approach, we make use of Stokes’ theorem. For an anti-symmetric tensor B*/,

the Stokes’ theorem is given by (Poisson, 2009),
1

dA,V Baﬁz—f dS,sB" . 2.16

L aVp 2 Jos of ( )

The integration over 0% includes two (D —2) dimensional surfaces, So, and 4. Where, the
boundary of the spatial slice Z at the spacial infinity is denoted as S, and at the event horizon

as /. Combining the results of two approaches, we have,

0= f dS, sV EP — f dS, sV EP. (2.17)
S Soo

The integration at the spatial infinity can be expressed in terms of the total mass and angu-
lar momentum, by exploiting the fact that we are assuming a vacuum solution. The total
mass and angular momentum of the spacetime are given by the Komar integrals, which in D

dimensions read as, (Poisson, 2009),

1
M=— ds, ;v 2.18
167rGN(D 3)% of (2.18)
- f dSesV%e" (2.19)
167Gy Js. 7 7 '

where, Gy 1s the Newton’s constant in D dimensions. Using these Komar integrals, the

integration at the spacial infinity S, reduces to the following form,

ds, VP =16
f wpV"E d D-2

Q- (D 5 )M] (2.20)

Now we turn to evaluate the integral on the horizon. Here, we make use of the fact that,
dSep =2¢,Np Vod® ~2x, wherein N* normalised null vector on the horizon such that EGN* =
—1 and o is the determinant of the induced metric on the event horizon. With these inputs,

we have

f dSu gV EP =2 3{ VodP ixE Nyl (2.21)
S S

=2 dP2x Nyt 2.22

Kjgjf Vod “xNpé (2.22)

= —2KA. (2.23)

12



In simplifying the above equations first we used the relation V*&# = —vA&* | since & is
a Killing vector, which simplifies the contraction with the surface element. After that we
used the earlier relation &, V& = k& which brings the surface gravity term . Finally, the
remaining integration is carried out by using the relation N, ﬁfﬁ = —1 which gives the area of

the event horizon. Combining the integrations that we evaluated over Sy, and # we get,
KA
(D-3)M= (D—2)8— + (D -2)QplJ. (2.24)
T

Identifying the terms 7'= x/2x and S = A/4, we have the Smarr formula, which is the same

as that we obtained using scaling arguments.

2.2.2 Smarr Formula for AdS Black Holes

In obtaining the Smarr formula for an asymptotically flat black hole, via the geometric
method, we have made use of the assumption of vacuum Einstein equations with a van-
ishing cosmological constant. This suggests that there may arise issues when we consider a
non zero cosmological constant in deriving the Smarr formula, which we will address in this
subsection.

We will first show how the difference arises and then we will present the correct Smarr
formula using both the scaling argument and geometric method. For simplicity we consider

the four dimensional Schwarzschild-AdS black hole, which has the metric

2
ckzzfﬂndﬁ+fi-+#dg% (2.25)
S)
The metric function is given by
2
fm=1-24T (2.26)
ro 2

where / is the AdS length, which is related to the cosmological constant as A = —l%. The

temperature and entropy of the black hole can easily be obtained as

-1
47r,

312
1+7§], S=mr?, (2.27)
where 7, is the horizon radius. However the calculation of mass requires more detailed

consideration.
13



What we expect naturally is that the conserved quantity corresponding to the Killing
vector * = 07 to be the mass, but that is an issue with that natural assumption. To calculate

the conserved charge, we note the non vanishing components of the entity V*#*, which is

Vi =-Vi=— L 2.28
22 2 (2.28)
The usual definition of the Komar integral gives a diverging result,
1 1 m Ry
M=-—¢ dS,sV*¥ = i R} | = + - | sinfdfdp — co. 2.29
o st = g m (g« moanio o 029

The above divergence is clearly due to the inclusion of cosmological constant, which con-
tributes an infinite amount of energy. We can overcome this issue by terminating the integral
at a finite region Ry, and then subtract the m = 0 contribution, and then take the finite cutoff
to infinity. This calculation yields,

M= g (2.30)

However, the mass, temperature and entropy we obtained do not satisfy the Smarr formula

we obtained in the previous subsection, as,

7”3

M—2TS:—ﬁ+;é0. 2.31)

This discrepancy of Smarr formula in AdS spacetime calls for a reconsideration with a careful
analysis of the cosmological constant term. We will obtain the modified Smarr formula using

two methods as follows.

Method 1

The failure of the Smarr formula in the AdS spacetime that we encountered is due to aban-
doning the role of the cosmological constant. Caldarelli, Cognola and Klemm were the first
group of researchers to verify the extended Smarr formula via scaling arguments for spin-
ning AdS black holes in the context of AdS/CFT correspondence (Caldarelli et al., 2000).
Using the scaling arguments with the consideration of cosmological constant, we obtain the

extended Smarr relation,

(D-3)M=D-2)TS+[D-2)QJ-2VP, (2.32)
14



where we have defined a pressure term, which is associated with the cosmological constant

as,
A

P=——.
87

(2.33)

The scaling argument with cosmological constant gives another additional quantity, which is

conjugate to the pressure term and termed as thermodynamic volume due to its dimension,

oM
Vi=—. 2.34
3P (2.34)
For the case of the 4-dimensional Schwarzschild-AdS black hole we have,
3 4 4
P= P and V= ?r+. (2.35)
The Smarr relation for this spacetime has the form,
M=2(TS-PV). (2.36)

Having obtained the extended Smarr relation using scaling arguments, it is natural to seek
the geometrical construction for the same, as we have done in the case of the asymptotically

flat black hole, which sets our next task.

Method 2

The main ingredient of the geometric method in AdS spacetime is to introduce a Killig po-
tential, which is done by Kastor (2008), using which the extended Smarr formula can be
obtained (Kastor et al., 2009). We begin by considering a static black hole solution for sim-
plicity. As the relation V,&* = 0 is satisfied by a Killing vector &%, from the Poincare lemma

we can write the vector &* as,

& = Vgal?, (2.37)

wherein, the anti symmetric tensor w® = 0! is the Killing potential. With this definition
of Killing potential and the assumption of vacuum Einstein equations, one can easily show

that,

2
ds, | veeh
faz aﬂ( < +D

2Aw“ﬁ =0, (2.38)
15



where the integration is performed on the boundary of a hyper-surface . As in the previous
calculations the integration is the sum of two contributions, one from the sphere at infinity

Soo and the other at a cross section of the event horizon .

The evaluation of the integral at infinity requires the knowledge of asymptotic behaviour
of the AdS spacetime, which is studied by Henneaux and Teitelboim (Henneaux and Teitel-
boim, 1985). Detailed discussion on this is also presented in Ref. (Ashtekar and Magnon,

1984; Ashtekar and Das, 2000). The asymptotic behaviour for a static black hole is given
by,

2 (g, St 1 _(D—l)(D—z)cr) ( 2A co 5
ds —( f0+rD‘3)dt2+fo(1 A dr’ + 1+(D—1)(D—2)rD-1 rdQs,
(2.39)
with
2A
f()—l—mf2 (2.40)

If we consider the case of Einstein equations with negative A and localised stress energy
source with no angular momentum, we can show that ¢; = ¢, = m and ¢y = 0. Then the large

r behaviour of the metric reduces to the Schwarzschild AdS black hole metric,
1
ds* = —fir)de® + —)dr2 +17dQp_», (2.41)
r

with the metric function,

m 2AF?
Sy =1-—5=

- . (2.42)
D3 (D-1)(D-2)

The non zero components of the Killing potential now reads as

14 T r
Ol = 0 0= 5, (2.43)
and
D-3 2A
vt = _yter 2 P Im r (2.44)

202 (D-1HD-2)
With the aid of these, the integration at the infinity simplifies, as the term with Killing po-

tential and the divergence term. The remaining part of the integral is,

2 D-3
veEh Ao | =-1 M. 2.4
fSwdSaﬁ( & + Ao 67rD_2 (2.45)
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The integration on the cross section of the horizon gives,

2 2A
\[]dea'g (V“é_’ﬂ + ﬁ/\&)aﬁ =-2KA+ m (f%dsaﬁwaﬂ) ) (246)

where the first term is obtained as in the case of asymptotically flat spacetime. Putting all

the above results together, we have the extended Smarr formula,
(D-3)M=(D-2)TS-2PV, (2.47)

where we have identified the pressure and volume terms as,

A 1
P=——" d V=—=| dS 0. 2.48
8zGy 2[% ap® (2:48)

The generalisation of the above derivation to include angular momentum is straightfor-

ward (Cvetic et al., 2011).

2.3 Black Hole Thermodynamics in AdS Spacetime

We follow the Hamiltonian formalism to derive the first law of black hole mechanics in AdS
spacetime (Mann, 2015). It follows from considering the Killing vector /“ to be the generator
of a Killing horizon and taking an appropriate space-like hyper-surface £. We begin with
the relation, g,p3 = —ngng +heg where nen*=-1 and n“h,p =0. The contraction of

Einstein tensor with a unit normal yields,
H=—162GNTpnn?,  H,=—-162GNT,sn Ik, (2.49)

Considering the cosmological constant A as the only source of stress energy, we get H = —2A
and H, = 0. If we consider the evolution of the system along the vector field £* = Nn* + N,
where n,N* = 0, then the total gravitational Hamiltonian is ./ = VAINH + 2A) + N*H,].
N = —¢.ndenotes the lapse function and N the shift, which is tangential to X. These functions
tell how to relate coordinates between two slices: the lapse measures the proper time, while
the shift measures changes in the spatial coordinates. Considering the perturbation 7,5 —

hap+Sap, 7P — 7P 1+ pP (2 is the conjugate momentum) and A — A+JA, and performing
17



a straightforward calculation, we get,
NOH + N*0H, = —D,B* = —2NOA, (2.50)
where
o _ a of o of 1 L. op o oo o
B® = N(D"s— Dys") = sD“N+ 5/ DyN + = (77 s0phy = 27s5=2p) . (2.51)
Since N= —n,&* = —navﬁwﬁ"‘ = —Dﬁ(nawﬂ“), we have,

Dy (B +20% 10 ) = 0= 1= f

dA, (B“ + 2a)aﬁnﬂ5A) = 0. (2.52)
ox

The anti-symmetric tensor @®” is called the Killing potential. The integration over 0% in-
cludes two boundaries, one at the black hole horizon and the other at infinity. The evaluation

of the integral at infinity, with suitable arguments, leads to,

2710,
3{ dA,B" = —162Gy6M - lim (—“)5/\ (2.53)
Soo r—0o0 D—l
and
2710,
af _ fim (2202
jgmdAa(2w nﬁaA)_ lim ( P )5/\. (2.54)

We note that the term due to the Killing potential exactly cancels the divergence arising from

the variation in A. At the black hole horizon, we obtain
fdAaB“ =2kK0A, (2.55)
h

where A4 is horizon area and « is the surface gravity. We re-write the term with Killing
potential as,

3{ dA, (m“ﬁnﬁa/\) ) ( f dAaZa)“ﬁn/g) IA. (2.56)
h h
Combining the above results we obtain the first law of black hole thermodynamics as,

4
o= ysp—Tss+ voP, (2.57)
27 4
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where we have identified the pressure and volume terms as,

A

P=-
8tGy

and V=- j{ dA,™ny. (2.58)
h

This is consistent with the Smarr relation, M = 2(7S — PV), which we obtained in previous
section. Recalling from classical thermodynamics that the enthalpy H = E + PV satisfies
oH = ToS + VoP, we note that, in extended thermodynamics, the mass of the black hole

should be regarded as enthalpy rather than internal energy.

2.4 Black Hole Chemistry

The inclusion of thermodynamic pressure and volume terms into black hole thermodynamics
leads to extended black hole thermodynamics, which enables us to see black hole phase
transitions parallel to everyday thermodynamic phenomena. The familiar phase transitions
such as van der Waals like, solid/liquid transition, triple point transition, reentrant transition
have replicas in the context of black hole phase transition. In this section, we present some of
the classic examples for the above. We work in a canonical ensemble, where the black hole
charge Q or the angular momentum J is fixed. In this scenario, the thermodynamic potential
turn out to be the Gibbs free energy G, and the thermodynamic stability of the system is

given by the specific heat Cp, which are defined as follows,

oS
G=M-TS=GP,T,J,0), and Cp:T(—

. (2.59)
6T)P,J,Q

In the following sections we will present Hawking-Page and van der Waals like phase tran-

sitions. A detailed discussion on reentrant phase transition will be presented in chapter 7.

Hawking-Page Phase Transition

This is the simplest phase transition exhibited by a black hole. Let us consider the metric of

a four dimensional spherically symmetric black hole,

ds* = —fir)de + ;l(—i +12dQ?, (2.60)
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Figure 2.1: Gibbs free energy plot and coexistence diagram for Hawking Page transition

where,

ﬂr):l—zilﬂ-ﬁ. (2.61)
ro P

The corresponding thermodynamic quantities are,

ry " P +312 3 4
M==(1+=2|, S=n?, T=—"2%, P=——, V==m". 2.62
2( * 12) i 4nlPr, 872 37 (2.62)

The Gibbs free energy can be obtained as,
4 3 5 7y
G=M-TS=zaPr,—ariT+ . (2.63)

The Gibbs free energy plotted in Fig 2.1(a) has a discontinuity in its first derivative, implying
a first-order phase transition. The system undergoes a first-order phase transition between a
radiation state and a large black hole state. This phase transition is known as Hawking-Page
transition (Hawking and Page, 1983). The specific heat of the SBH (small black hole) branch
is negative and hence corresponds to a thermodynamically unstable state. On the other hand,
the LBH (large black hole) branch has a positive specific heat, and it is thermodynamically
stable. The coexistence between the radiation and black hole states can be obtained by the
condition G = 0, which is represented in Fig 2.1(b). The coexistence line of radiation/black

hole resembles that of solid/liquid phase transition (Kubiznak and Mann, 2015).

Van der Waals Phase Transition

Charged black holes show phase transition which is analogous to Van der Waals system

(Chamblin et al., 1999a; Kubiznak and Mann, 2012b). Consider the metric of four dimen-
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Figure 2.2: Gibbs free energy plot and coexistence diagram for vdW like phase transition of charged
AdS black hole

sional charged AdS black hole,

= —frd + m +17dQ?, (2.64)

where,
07

2M
=l-—+=+. 2.
fr) " +r2 +12 (2.65)

The corresponding thermodynamic quantities are (Kubiznak and Mann, 2012b; Dolan, 2011b),

4 0? % - 0% +3r7 3 4 0
M==aPP+Z+L, S=g?, T=—"1% t, P=——, V=-m?, ¢==.
3T T Ty T 4rlPr3 8xl? 3 P r.
(2.66)
The Gibbs free energy in the canonical ensemble can be obtained as,
1 Q2
G=M-TS= —§2nPr c2x 1 (2.67)

The behaviour of this thermodynamic potential G is shown in Fig 2.2(a). The observed
swallow tail behaviour is the signature of a vdW like first-order phase transition. The black
hole undergoes a transition between the small black hole and large black hole phases. This

behaviour disappears at the critical point, which is characterised by,
P.=1/9620% T.=V6/1870, v.=2V60. (2.68)

At this point the the phase transition becomes second order. The coexistence of SBH and
LBH phases is depicted in Fig 2.2(b), which is analogous to liquid-gas states coexistence of

a vdw fluid.
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Chapter 3

Ruppeiner Geometry and Black Hole

Microstructures

Let no one ignorant of geometry enter.

Engraved at the door of Plato’s Academy

Summary

This chapter outlines the elements of Ruppeiner geometry. The construction of the Ruppeiner curva-

ture scalar and its connection to black hole microstructure is discussed.

In the pioneering work of Hawking and Bekenstein, it was shown that a black hole is
not only a gravity system but also a thermal system. A black hole possesses temperature
and entropy, which are related to its surface gravity and event horizon area, respectively.
The success of black hole thermodynamics in understanding various aspects of the black
hole prompts us to formulate some relation between micro-dynamics and thermodynamics.
Inspired by this, several approaches have been developed to probe the microscopic origin
of black hole thermodynamics, which we will sketch in this section. Unlike a conventional
thermodynamic system, where the macroscopic quantities are constructed from the micro-
scopic knowledge of the system, the statistical investigation of the black hole is carried out
in a reverse order. The microstructure of the black hole is scrutinised from its macroscopic
thermodynamic quantities by studying the phase transitions.

It is a well-established notion that the geometrical methods can serve as a tool to un-
derstand microscopic interaction in a thermal system. It was Weinhold who constructed the

first thermodynamic geometry method by considering internal energy as the thermodynamic
23



potential (Weinhold, 1975a). Later, by choosing entropy as the thermodynamic potential,
another nifty geometrical method was introduced by Ruppeiner, starting from Boltzmann
entropy formula (Ruppeiner, 1995). Essentially, the geometrical methods were developed
from Gaussian thermodynamic fluctuation theory, in which a metric is constructed by choos-
ing a suitable thermodynamic potential in a phase space which constitutes other thermody-
namic variables; the corresponding curvature scalar encodes details about phase transitions
and critical points. This method was used in analysing the conventional thermal systems like
ideal fluids, van der Waals (vdW) systems, Ising models, quantum gases etc. (Ruppeiner,
1979; Janyszek, 1990; Ruppeiner, 1981; Janyszek and Mrugala, 1989, 1990; Oshima et al.,
1999; Mirza and Mohammadzadeh, 2008; May et al., 2013a). The results so obtained give
a very clear picture of the applicability of the geometrical methods in understanding micro-
scopic details. The two main aspects of Ruppeiner geometry is the revelation of correlation
and the interaction type of the microstructure. The sign of the curvature scalar is an indicator
of the nature of the interaction, positive/negative for repulsive/attractive interaction and zero
for no interaction. On the other hand, the magnitude of the curvature scalar is the measure
of the correlation length of the system. As the correlation length diverges near the critical

point of the system, so does the curvature scalar.

As the entropy is taken to be the thermodynamic potential in Ruppeiner geometry, the
application of it to the black hole system is straight forward and interesting (see Ref. (Rup-
peiner, 2014) for a recent review on this). An early accomplishment of this method is to the
BTZ black holes (Cai and Cho, 1999). Later, the nature of microstructure of the Reissner-
Nordstrom (RN) black hole was sought for using this method (Aman et al., 2003), where
the curvature scalar R vanishes and no interaction was found. However, a non-vanishing
R was expected as the spacetime is curved. This problem was re-examined by considering
a complete set of thermodynamic variables, to begin with, including the angular momen-
tum and cosmological constant, and taking appropriate limit for RN black hole (Mirza and
Zamani-Nasab, 2007), which led to a non-vanishing R. In subsequent developments, the
vdW like behaviour of the black hole and the underlying microscopic details were investi-
gated using the geometrical methods (Sahay et al., 2010; Chaturvedi et al., 2017; Wei et al.,
2017; Chaturvedi et al., 2018). In this so-called R-crossing method, the coordinates of the
parameter space are taken as temperature and fluid density, and the diverging behaviour of R

can be observed. However mismatch in the divergence of curvature scalar and specific heat
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in some cases using this method, led to the proposal of several other geometrical methods
(Quevedo, 2007; Liu et al., 2010; Niu et al., 2012; Wei and Liu, 2013; Banerjee and Roy-
chowdhury, 2012; Mansoori and Mirza, 2014; Mo et al., 2013; Mansoori et al., 2015; Hendi
and Naderi, 2015; Dolan, 2015; Mansoori et al., 2016; Hosseini Mansoori and Mirza, 2019;
Banerjee et al., 2011a,b).

As we mentioned in the introductory chapter, combining the idea of the dynamic cosmo-
logical constant in black hole chemistry with the thermodynamic geometry, a new method
of investigating the black hole microstructure was proposed by Wei et al. (Wei and Liu,
2015). The parameter space was constructed by using the fluctuation coordinates, mass and
pressure. For the first time, the concept of black hole molecule was introduced here, and
the number density of black hole molecules were found to be an order parameter for the
phase transition. The most important finding of this construction was the finding of a repul-
sive interaction in the microstructure of a charged AdS black hole. Soon, this method was
adopted to investigate various aspects of black hole microstructure by several researchers
(Guo et al., 2019; Du et al., 2020; Dehyadegari et al., 2017; Chabab et al., 2018; Deng and
Huang, 2017; Kord Zangeneh et al., 2018; Miao and Xu, 2018, 2019; Chen et al., 2019; Xu
et al., 2020a; Naveena Kumara et al., 2019, 2021b). However, the interdependence of
thermodynamic variables temperature and volume was not addressed here, requiring more

serious intervention.

The application of Ruppeiner geometry to spherically symmetric black holes in AdS
background poses some serious challenges compared to those in asymptotically flat space-
times. This is because of the interdependence of the thermodynamic variables, entropy (S)
and volume (), via the horizon radius, which results in a vanishing heat capacity at con-
stant volume and adiabatic compressibility. These vanishing quantities cause a singularity
in the line element and thus, resulting in a diverging curvature scalar in Ruppeiner geome-
try. To address this issue, an efficient method is to introduce a normalised curvature scalar
by considering the vanishing response function as a constant whose value is close to zero
(see Ref. (Xu et al., 2020b) for an alternate approach). This restores the missing informa-
tion in the curvature scalar associated with the microstructure and critical phenomena of the
black hole. A first of such remedy was presented by Wei et al. (2019a), where a normalised
universal metric was constructed to study the microstructure interaction by choosing the

fluctuation coordinates as temperature and volume. When applied to a conventional van der
25



Waals system, this method gives expected results, where the dominant interaction among
the fluid molecules is always attractive in all of the phases. Surprisingly RN-AdS black
holes showed deviation from this behaviour, wherein a repulsive dominant interaction was
also observed for certain physical conditions (Wei et al., 2019a,b). Subsequent studies show
that the black hole microstructure exhibits richer properties than a conventional thermody-
namic system. Therefore this novel method promptly captured much attention (Wei and Liu,
2020b; Naveena Kumara et al., 2020b; Wei and Liu, 2020a; Wu et al., 2020; Xu et al.,
2020b; Ghosh and Bhamidipati, 2020b,a; Yerra and Bhamidipati, 2020; Dehyadegari et al.,
2020). In this chapter, we present this novel method, following the pioneering articles (Wei

et al., 2019a,b)

3.1 First Laws and Ruppeiner Geometry

We begin by considering the Boltzmann’s entropy formula,
S=kpglnQ, (3.1)

where kp is Boltzmann constant, and Q is the number of microstates of the thermodynamic
system under consideration. The inverse relation of the above equation is the starting point
of the thermodynamic fluctuation theory.

Consider a thermodynamic system which has two independent variables, say x and x!.
Then the probability that the system can be found in a state which is characterised by the
coordinates in the intervals x° +dx? and x! +dx! is proportional to the number of microscopic
states Q,

P()co,)cl)dxodx1 = CQ(xO,xl)dedxl, (3.2)

where C is a normalisation constant. From Eqgs. 3.1 and 3.2 we have,
PO xh) o e5k8. (3.3)

To set up the Ruppeiner geometry, we consider two subsystems of an isolated thermody-
namic system having a total entropy S. The smaller subsystem is assigned with an entropy

Sp and the larger subsystem with entropy Sg. Viewing the larger subsystem as a thermal
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bath, we can take Sp << Sg = S. Therefore, if the system is described by a set of independent
variables x° and x!,

S(xo,xl) :SB(xO,x1)+SE(x0,x1). (3.4)

When the system is in thermal equilibrium, the entropy S is in its local maximum Sy. Taylor

expanding the entropy in the neighbourhood of the local maximum x* = x'g , We obtain

+1 0%z
- £ 2 oxkoxy

0Sk , 1 0°Sg
B+ w AX/I;A

S:S()+ XB+§ —axﬂaxv

AAY+ ... (3.5)

Oxt | < x's

Since the first derivatives vanish for the equilibrium condition, we have

1 02Sg 1 0%
AS=85-Sy=~- PAX, +— ———— | AXSAXY+ ...
0 2 OxHoxY ! BTUB ) GxHoxy o ETTE
1 %S
~— AxEAXY, 3.6
2 OxtoxY ! BTB (3.6)

where we have truncated the higher order terms and the second term. The second term is
negligible compared to the first term, as the entropy Sg of the thermal bath is close to that
of the whole system, and its second derivative with respect to the intensive variables x* are

smaller than those of Sg.

In Ruppeiner geometry, the entropy S is taken as the thermodynamical potential, and its
fluctuation AS is related to the line element A2, which is the measure of the distance between
two neighbouring fluctuation states of the thermodynamic system (Ruppeiner, 1995). The

Ruppeiner line element is given by,

1
AP =- EgﬁvAx"Axv, (3.7)
where kp is the Boltzmann constant and the metric gﬁv is,
0°Sp
= (3.8)

Since the line element is related to the distance between the neighbouring fluctuation

states, the metric gffv must be encoded with the microscopic details of the system.
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Riemannian Geometry

Under the transformation x* — x# the entity gﬁv (we will drop the superscript ¥ now on
wards) transforms as follows (Landau and Lifshitz, 1980),

oxP 0x°

= o oo G2

8uv

This is exactly like the transformation of the metric tensor in Riemannian geometry. Which
implies that the distance between two neighbouring fluctuating states, A/* can be treated as
the distance between two neighbouring states in the state space. This motivates us to calcu-
late the curvature scalar in the parameter space, as the information in Riemannian geometry

is contained in scalar curvature. We have the following conventional definitions,

1,
U= 58" (0u8pv + 0,810 = 0p10) (3.10)
P _ P P o TP J TP
Raﬁy—Gﬁfay—OyFaﬁ+FayFﬁ5—FaﬂFy5 (3.11)
Ruw=Rly . R=g"Ry. (3.12)

In a two dimensional space, the curvature scalar R is given by,

_ i( 201 @_L@)Jri(i@_idgoo g Ggoo)
VZ 10x0\gooy/g ox! g oxt ) ox!\gox! g ox!  gooyg ox0 /]’
(3.13)
where g is the determinant of the metric g,,. For a diagonal metric the above expression
reduces to,
1o (1o 0o (1o
R=— —(—ﬂ)+—(—ﬂ) . (3.14)
Vg 1ox0 /g ox0 ) ox!\ /g ox!

In the following sections we will show that this scalar curvature plays an important role in

probing the microstructure of a thermodynamic system.

First law and Ruppeiner geometry

In this subsection, we will exploit the Ruppeiner geometry from the perspective of the first

law of thermodynamics. We begin by considering the first law for a thermodynamic system,

dU=TdS-PdV+)_ yidx', (3.15)
i
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where x’ and ' are the thermodynamic variables and conjugate potentials, respectively. Ab-

sorbing the PdV term into the summation we have,
dU=TdS+_ ydx'. (3.16)
i

In Ruppeiner geometry, the entropy S is taken as the thermodynamical potential, therefore

we change the above relation to,
dS=Lqu- Y L, (3.17)
T =T
With the intensive and extensive quantities being, respectively,
= (U, V,..), vi=(-P,..), (3.18)

where the indices run as 4 =0,1,2,3.. and i = 1,2,3,... From equation 3.17 we have the

oS

5.7» Which reads as,

quantity z, =
Iy
zﬂ:(?,—%), (3.19)

using which Eq. 3.17 can be written as,
ds = z,.dx". (3.20)

And the line element A* can now be expressed as,

AP = —Az, Ax". (3.21)
Using Eq. 3.19 we have,
1 1
Azg=A|=|=-=AT, 3.22
2=(7)=-2 (3.22)
A2 Yiar LA
Az,_A( T)_TQAT A (3.23)

Substituting these, the line element AP takes the form,

1 1 .
AP = —ATAS + =Ay;Ax'. (3.24)
T T
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We have two choices to consider the fluctuation coordinates, (7,x') and (7,y;). We will

consider these two cases separately.

(T,x') as fluctuation coordinates

The typical examples for this case are the parameter space of (7, V) and (7, p), where p is the
density of the system. We will first investigate the appropriate potential for the description
of these parameter spaces, and then we will obtain the specific form of the line element. As
the fluctuation coordinates are 7 and x', the thermodynamic potential must be the Helmholtz

free energy F'=U—-TS. We have,

dF = —SdT + y;dx’, (3.25)
and the relation,
S  dy
— =2 3.26
ox! oT ( )

We can express AS and Ay; in terms of the independent variables as,

oS N

A AT+ 2
S= ( aT) (axl)m (3.27)
Ay; = ( 7 AT+ 55 Ax', (3.28)

Combining the Eqs. 3.24, 3.26, 3.27 and 3.28 we have,

AP - 1(05

- OT)ATZ l(ay’)A IAY. (3.29)

T'\ox

This can be expressed in terms of the Helmholtz free energy, by using the relations S = —07F

and y; = 0.F which are evident from Eq.3.25, as

1 (0*F L(0°F\, ;.
2 _ 2 !
AlF = _?(ﬁ) AT +}(0xiaxj)Ax AX. (330)

The corresponding curvature scalar can be easily obtained from this line element for the

fluctuation coordinates (7, V) and (7, p).
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(T,)") as fluctuation coordinates

The typical example for this choice is (7, P) parameter space. For this case, the thermody-

namic potential of the geometry is,

W=U-TS-yx, (3.31)
and the differential reads as,
dW = —SdT—x'dy;. (3.32)
From the above expression we have,
ow G4
S=——00, - _ 27 3.33
oar’ T oy, (3-33)

Then the expansions of AS and Ax’ in terms of the independent coordinates T and y; are,

oS oS
AS=|—|AT+|—|Ay; .34
S (OT) +(0yi) Vi (3:34)
. (0x ox!
L= | — |AT+|=—|Ay; .
Ax (OT) +(0yj) V; (3.35)

Using these results, the line element takes the form,

1( O*W

AP =——
ap,uapv

T )ApﬂApv, (3.36)

where p,, = (T,y)).

3.2 Scalar Curvature and Phase Transition

In this section, we develop the connection between the Ruppeiner curvature scalar and phase
transition. For a fluid system, the Ruppeiner curvature scalar diverges at the critical point of
phase transition. While applying the Ruppeiner geometry method to a black hole system, we
expect this behaviour. Therefore the investigation of black hole microstructure properties
develops through the study of black hole phase transition. Apart from this, the sign of the

curvature scalar tells the nature of interaction in the microstructure. A positive sign indicates
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repulsive interaction, and a negative sign signifies an attractive interaction.
Here we consider the fluctuation coordinates 7" and x for simplicity. The extensive vari-
able x can be the volume V, charge Q or angular momentum J of the black hole. For this

choice, the metric is diagonal and from Eq. 3.30 we have,

gﬂvzl —(3275))6 ’ _! _(a_?)’“ ’ : (3.37)

?3275)]“ ! 0 (‘%)T

In fact, the line element can be expressed in terms of the specific heat,

as
-7(2], .
C ( GT)x (3.38)
as
C 9
ap =S O 42 (3.39)

72

From Eq. 3.14, the corresponding scalar curvature can be easily obtained as,

R=——1{T00, 07Cy) 05y — TOT V)] + Cy [ (0 2+T 0,Cy) (05 1) — T(Or 2
2C§(6xy)2{ (0 [(07Cy) (0xy 7)) [(0x)) ( ) @) — TOr)?)

+ 2T(6xy)(_(ax,xcx) + T(aT,T,xy))]}- (340)

From the above expression it is clear that, the scalar curvature R diverges when C, = 0 or

(0xy)7=0. For a van der Waals like phase transition, the critical point is given by,

0)7 = Oxx») 7= 0. (3.41)

Therefore the divergence of the scalar curvature at the critical point is always guaranteed.
This behaviour gives a possible connection between the Ruppeiner curvature scalar and the
correlation length, which goes to infinity at the critical point.

Taking temperature 7" and volume V" as the fluctuation coordinates the, i.e. x = V" and

y = —P, the line element 3.39 takes the form,

_ ﬁ/de_ (aVP)T

dl?
72 T

dv?. (3.42)

where Cy is the heat capacity at constant volume. The Ruppeiner curvature scalar can be
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obtained directly from Eq. 3.42 by using the conventional definitions of Riemannian geom-

etry.

However, the metric associated with the line element (3.42) is not invertible as gr7 =0 or
2T = co. This is due to the fact that the heat capacity Cy vanishes for a spherically symmetric
AdS black hole system. This, in turn, arises from the interdependence of the thermodynamic
variables, namely entropy and volume. To overcome this issue, a normalised Ruppeiner

scalar is defined as (Wei et al., 2019a),

Ry=CyR (3.43)

where R is the curvature scalar calculated from Eq. 3.42. The normalised curvature scalar
diverges at the critical point of phase transition.
The normalised curvature scalar Ry can be now used to probe the microstructure of the

black hole. Before concluding this section, we reiterate the following.

* The sign of Ry reveals the nature of dominant interaction in the black hole microstruc-

ture. Positive/negative for repulsive/attractive and zero for no interaction.

* The absolute value of Ry is the measure of the average number of correlated con-
stituents, in general. For a black hole system, this could be the average number of

correlated black hole molecules.
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Chapter 4

Photon Orbits and Thermodynamic

Phase Transition of AdS Black Holes

When you have to shoot, shoot, don’t talk!

Tuco, The Good, the Bad, and the Ugly

Summary

This chapter is based on our published work in Phys. Rev. D. ( Naveena Kumara et al., 2020a). We
probe the phase structure of the regular anti—de Sitter (AdS) black holes using the null geodesics. The
radius of photon orbit and minimum impact parameter shows a nonmonotonous behaviour below the
critical values of the temperature and the pressure, corresponding to the phase transition in extended
phase space. The respective differences of the radius of unstable circular orbit and the minimum
impact parameter can be seen as the order parameter for the small-large black hole phase transition,
with a critical exponent 1/2. Our study shows that there exists a close relationship between the gravity

and thermodynamics for the regular AdS black holes.

4.1 Introduction

The characteristic features of the material particle in the very vicinity of the event horizon
can be utilized to unveil the information encoded in the concerned black hole. This mo-
tivation leads us to directly link the analysis of the particle motions, that are affected by
the strong gravity near the compact objects such as a black hole, neutron stars etc., to the
black hole properties. The study of geodesics of a test particle plays a vital role in the un-

derstanding of some observational effects such as the strong gravitational lensing and black
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hole silhouette, as well as quasinormal modes (Cardoso et al., 2009; Stefanov et al., 2010).
Attempts to unravel the vdW phase transition of a black hole through astrophysical observa-
tions has its roots in quasinormal mode (QNM) studies (Liu et al., 2014). In these studies, it
was reported that during the SBH-LBH phase transition, the slope of the quasinormal mode

changes drastically.

Prompted by the study relating the dynamics and thermodynamics, in the context of AdS
black holes, recently there were attempts to establish a relationship between the gravity and
thermodynamics (Wei and Liu, 2018; Wei et al., 2019¢). The correlation between the grav-
ity and the critical behaviour is seen through the unstable null geodesic, which is encoded
with the phase transition details. The radius of the photon sphere and the minimum impact
parameter of the photon orbit exhibits an oscillatory behaviour during the vdW phase tran-
sition. Above the critical point of phase transition, the behaviour of these quantities become
monotonous. This is analogous to the behaviour of Hawking temperature with horizon radius
and entropy. Another significant result is that the respective differences in the radius and the
minimum impact parameters act as an order parameter for SBH-LBH phase transition with
a critical exponent 1/2. The phase transition is scrutinised using photon orbit method for
several black holes in different spacetime backgrounds (Xu et al., 2019; Chabab et al., 2020;
Li et al., 2020; Han et al., 2018; Hegde et al., 2020). Studies related to null geodesics in
other contexts have also appeared in subsequent works (Zhang et al., 2019; Chandrasekhar

and Mohapatra, 2019; Wei and Liu, 2019).

The Penrose censorship conjecture states the existence of singularity dressed by an event
horizon (Hawking and Penrose, 1970; Hawking and Ellis, 2011). Therefore all the elec-
trovacuum solutions of Einstein general relativity are in accordance with such point of view.
However, such conjectures do not forbid us to consider the regular black hole spacetimes
free from the singularity. Regular black holes were proposed to overcome such singular
points, where the central singularity is replaced by a repulsive de-Sitter core. In this regard,
motivated by the ideas of Sakharov (Sakharov, 1966) and Gliner (Gliner, 1966), Bardeen
proposed first regular black hole solution (Bardeen, 1968). The subsequent study of all the
regular black holes was inspired by Bardeen’s idea (Hayward, 2006; Ayon-Beato and Gar-
cia, 1998, 2000). Later Ayon-Beato-Garcia found the first exact regular black hole solution
of Einstein field equations coupled to a nonlinear electrodynamic source. Various properties

such as the black hole thermodynamics (Man and Cheng, 2014, 2013), the rotating black hole
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shadows (Abdujabbarov et al., 2016; Amir and Ghosh, 2016), quasinormal modes (Flachi
and Lemos, 2013) as well as the strong gravitational lensing (Eiroa and Sendra, 2011) have
been investigated in the background of regular black hole spacetimes. Some regular black
hole solutions were also considered in alternative theories of gravity such as Lovelock grav-
ity (Aros and Estrada, 2019) and massive gravity theories (Nam, 2018). Regular black holes
have also been extended to higher dimensions, to study its horizon structure and thermody-
namical properties (Ali and Ghosh, 2018; Kumar et al., 2019). In our recent work, we have
investigated the microstructure of the regular Hayward black hole using the Ruppeiner ge-
ometry method, where we have reported the existence of repulsive interaction in the black
hole microstructure ( Naveena Kumara et al., 2021b, 2020b). In the present work, we study
the phase transition of regular black holes in AdS spacetime by considering the correspon-
dence between photon orbits and the extended phase space thermodynamics. We show the
parametric effect induced in the black hole solution due to the presence of nonlinear charge.

The organisation of the chapter is as follows. In section 4.2, we discuss the phase tran-
sition of regular Hayward AdS black hole using the photon orbits. In section 4.3 we carry
out a similar investigation for the regular Bardeen AdS black hole. Finally, we conclude the

chapter in section 4.4.

4.2 Regular Hayward Black Hole

4.2.1 Thermodynamics of Regular Hayward Black Hole

The regular black hole solutions can be derived from Einstein gravity minimally coupled to
nonlinear electrodynamics with negative cosmological constant A given by the action (Fan
and Wang, 2016),

=T Gfd“x\/ [R— L (F)+2A], 4.1)

where R and g are the Ricci scalar and the determinant of the metric tensor, respectively.
ZL () is the Lagrangian density of nonlinear electrodynamics which is a function of & =
FwF* with F,,, = 2V|,4,), the strength tensor of nonlinear electrodynamics. The regular

Hayward black hole solution can be obtained from the Lagrangian density,

3/2
P (F) = 12 (0F) (4.2)

¢ (1+@F)¥H*
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with o > 0 which has the dimension of length squared. For a spherically symmetric space-
time, F,,, admits two non-vanishing components, /- and Fy,. For a pure magnetic charge

only Fy, survives. The resulting Maxwell tensor reads with only component,
Fop=—Fy9=—0msin0, 4.3)
and hence the gauge potential and the Maxwell invariant for this field turn out to be,
Ay = Omcos sy, F==" (4.4)

Here the constant Q,, is identified with the magnetic monopole charge of the nonlinear elec-
trodynamics. The metric for a regular Hayward AdS black hole in four-dimensional space-

time reads (Fan and Wang, 2016),
1
ds® = —fr)di* + %drz +1r2dQ2, (4.5)

where dQ% = d6? + sin? 0dgo2, is a 2-dimensional unit sphere, and the metric function,

2M? AP 16
TPig 3 ) (+6)

fin =11

where M the mass of the black hole and g the free integration constant that is related to the

magnetic charge Q,, through the relation Q,, = g2/V2a.

Now, we briefly present the extended thermodynamics of the regular Hayward black
hole. In extended phase space description, the pressure P is related to the cosmological

constant A as (Kastor et al., 2009; Dolan, 2011b),

A

P=——.
87

(4.7)

The horizon of the black hole is characterised by the condition, f{r) = 0. Using this condition

we get,
7 4 g3
M= ?++§np(g3+ri)+ﬁ. (4.8)

+
The Hawking temperature of the black hole which is associated to the surface gravity « is
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obtained as,

7o _S0
2w Am =,
2Pt 2
i B g ., n — (4.9)
g+ri 2ar(@+r) An(g+ri)
With these, the first law of thermodynamics reads as,
dM =TdS +YdQ,, + VdP + 1Ildo., (4.10)

where W and I are the variables conjugate to the magnetic charge Q,, and parameter «,

respectively. The entropy and volume of the black hole have the following non trivial profile,

dM nog
S—fT—zﬂ(?—Z y (411)
_ 6M _ 4 3 3
V= (_OP)S,Qm,a_gn(g +r+). (4.12)

We also note that the definition of entropy S for regular black hole is not unique, another
choice of S from area law is also possible. Then we have to give up with the above first law,
which is to be modified with a modified mass M (Ma and Zhao, 2014). However these do
not alter the phase transition and related properties of the black hole. The equation of state
reads as,

g T 1 T

P= + . 4.13
4oy 2% 8mrd 2ry (4.13)

The regular black hole exhibits a vdW like critical behaviour, which has been studied ex-
tensively in the literature (Fan, 2017). The first order phase transition takes place between a
small black hole (SBH) phase and a large black hole (LBH) phase. The critical point of this

phase transition is given by,

(5\/5 —4\@) (3\/6+7)2/3

Ty = yovs , (4.14)
3(v6+3)
Pey = o (4.15)
16 x 22/3 (3\/6+7) g’
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2/3
Sorr = (6\/6+14) g% (4.16)

It is clear that the critical values of the thermodynamic variables depend on the parameter g.

Using this, the reduced thermodynamic variables are defined as,

r - P -V
P=

T= )
T cH P cH VcH

4.17)

4.2.2 Geodesic equations of motion

To obtain the relationship between the null geodesics and the phase transition of the black
hole we consider a free photon orbiting around the black hole on the equatorial plane, i.e.,

0 =r/2. Then the Lagrangian is,

PR
2L =Nt +% +17 ¢ (4.18)

The dots over variables stand for the differentiation with respect to an affine parameter. The

generalised momenta corresponding to this Lagrangian can easily be obtained as,

pi=—fNt=E (4.19)
pp=r*p=L (4.20)
pr=7Ifln). (4.21)

In the above, E and L are the energy and orbital angular momentum of the photon, respec-

tively, which are the constants of motion. The # motion and ¢ motion can be written as,

. FE
t=— 422
i 422
L
= , 4.23
r2sin? 0 (4.23)
The Hamiltonian for the system is,
276 = —Et+ L+ fir) = 0. (4.24)
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Figure 4.1: The effective potential for the regular Hayward black hole. Here we take black hole
horizon r, = 1, charge parameter g = 0.8 and pressure P = 0.003. The thick red line corresponds to
the critical angular momentum L. (corresponding critical impact parameter u.)

The expression for the radial » motion is rewritten as,

i+ V=0 (4.25)

where V4 is the effective potential, which has the following explicit form,

L2
Ver=—5/1) - E~. (4.26)

The behaviour of f/eﬁr: Veﬁr/E2 is shown in Fig. 4.1 for different values of impact parameter
u=L/E.

The accessible region for the photon is V4 < 0, since 2 > 0. From the Fig. 4.1 it is
clear that, the photon fall into the black hole for small values of u, whereas it is reflected
for large values of u, as it approaches the black hole. Between these two conditions there is
an unstable circular photon orbit which corresponds to the critical angular momentum (red
thick line in Fig. 4.1). At the peak of that particular effective potential the radial velocity
of the photon is zero. The corresponding value of 7 at the peak is the radius of the photon

sphere. The unstable circular orbit is characterised by,

Veg=0 , V=0 , V<0, (4.27)

where the prime denotes the differentiation with respect to . Expanding the second equation

2frps) — 1ps0,flrps) = 0. (4.28)
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Figure 4.2: The behaviour of photon sphere radius 7,5 and minimum impact parameter u,s with tem-
perature in reduced space for Hayward case. These plots are for the reduced pressure P = 0.7,0.8,1,1.2
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Figure 4.3: The behaviour of photon sphere radius 7,5 and minimum impact parameter u,; with pres-
sure in reduced space for Hayward case. These plots are for the reduced temperature 7= 0.8,0.9,1,1.2

The solution of this gives the radius of photon sphere 7,

1 M 9M? 27M3
=12 B +92 + ’ —€/?+\/9M?+4(X+\3/?)+3M, (4.29)
VY 4/ 4 x+ VY
where,
8g°M
Y= g , (4.30)

i/ 27G3MB + [ 729g5M6 — 512¢°M?

and

Y =272 M + 1/ 729g5M6 - 51280, 431)

The solution of the first equation, (V4= 0), gives the minimum impact parameter of the

photon,
L. r

Upg = — =
P E ﬂ/_}")
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The explicit form of this can be obtained by using Eq. (4.29).

The insight of using the photon sphere parameters 7, and u,; to probe the details of the
small-large black hole phase transition, stems from the phenomenon of black hole lensing
(Wei and Liu, 2018). In black hole lensing, the impact parameter of the photon u has a close
connection with the deflection angle. Larger the impact parameter smaller is the deflection
angle. However, under the limit u — u,,, the deflection angle is unbounded (Bozza, 2002).
We can relate these key quantities, 7,; and u,,, to the thermodynamic variables P and S by
using the expression for mass of the black hole M. 7,4(P,S) is a complicated expression
which we have not written here. The behaviour 7,5 and u,,; against the temperature is studied
in reduced parameter space, Fig. 4.2(a) and 4.2(b). The similar study is carried out for P—?ps
and P— iips plots for a fixed value of reduced temperature, Fig. 4.3(a) and 4.3(b).

In Fig. 4.2, both the photon sphere radius and the critical impact parameter shows non-
monotonous behaviour below the critical pressure. All the isobars for P < 1 have one min-
imum and a maximum. There is an inflexion point for the isobar P = 1. For all the values
above P = 1, the oscillating behaviour disappears. This behaviour of 7— 7ps and T- fips 18
quite similar to the isobars in 7— S plane for the vdW fluid. On the other hand the P — Fps
and P — itys plots shown in Fig. 4.3 have similarity with the isotherms of the vdW system in
the P— V plane. These connections indicate that there is a relationship between the photon

orbits and the critical behaviour of the black hole.

4.2.3 Critical behaviour from unstable photon orbits

We have constructed the equal area law for the 7— Fps and T- iips isobars, similar to the isobars
in the 7—S plane of vdW system. Using those results, we obtained the behaviour of the radius
of the circular orbit and the minimum impact parameter along the coexistence curve (Fig.
4.4). The 7, and iy, has two branches corresponding to SBH and LBH phases of the black
hole. With the increase in temperature, both the 7, and u,; decreases for the LBH branch,
whereas increases for SBH branch. At the critical value 7= 1 both branches share the same
value. The differences A7, and Ail, are plotted against the reduced temperature T, which
is shown in Fig. 4.5. A sudden change in A7, and Aiiy, exists in the regions corresponding
to the first order phase transitions, i.e., for T < 1. The difference becomes zero as the critical
value of 7'is approached, where the second order phase transition is observed. The behaviour

of A7,s and Aiiy,s near the critical point is observed in the insets of Fig. 4.5(a) and 4.5(b). We
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Figure 4.4: The behaviour of photon sphere radius 7,; and minimum impact parameter u,; of the
photon orbit along the coexistence curve for Hayward case
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Figure 4.5: The behaviour of difference of the radii of the circular orbit A7, and the difference of
the minimum impact parameter Aii,g along the coexistence curve for Hayward case. The change of
concavity near the critical point is shown in the insets

also note that, near the critical point the concavity of the curve changes. The behaviour near

the critical point can be assumed to be of the following form,
AFps,  Aitps ~ax (1-1)°. (4.33)
Taking logarithm on both side, we have,

INAFys, InAiiys ~6In(l - 1) +Ina. (4.34)

This implies that In A7, and In Aiiy, are linearly varies with In(1 - 7). We numerically
fit the curve by varying T from 0.99 to 0.9999. The numerically obtained results along with
the fitting results are shown in Fig. 4.6. The numerical study reveals that, in the vicinity of
critical point,

AFps = 3.42124(1 — T)-00003 (4.35)
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Figure 4.6: Near critical point behaviours of the change of the photon orbit radius A7, and the min-
imum impact parameter Aii,, during the black hole phase transition for Hayward case. Red square

dots are the numerical results and blue solid lines are our fitting results.

and
Afips = 1.15021(1 — 7)%-300003, (4.36)

This behaviour, i.e. Afy, ~ (1 -DV2? and Al ~ (1 -Dh2, suggests that A7, and Az, can
serve as the order parameters to characterise the phase transition. This, once again confirms
our earlier observation on the connection between the photon orbits and thermodynamic

phase transitions. The result shows that the numerical error in the calculation is negligible.

4.3 Regular Bardeen Black Hole

In this section, we establish the connection between thermodynamic phase transition and the

null geodesic for the Bardeen case. The regular Bardeen AdS black hole can be obtained by

using the following Lagrangian density in the action (4.1),

12 F 5/4
=2 @) - (4.37)
% (1+@F)'?)

The Bardeen solution of the black hole in AdS spacetime has the following form (Fan and

Wang, 2016),
ds* = —fir)dr* + J%dﬁ + 12 dQ? (4.38)
r
with
2Mi? 8
ﬂr)—l—m+§7rPrz. (439)
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As before, the pressure P is related to the cosmological constant A as P = —A/8x. The

condition f{r;) = 0 yields the mass of the black hole as,

(g2 +2)" (8zPr? +3)

M= (4.40)
612
The Hawking temperature can be easily obtained as,
ok 0
2w Aw =,
2Pr
= & (4.41)
R @er) 2an (@7
The first law of thermodynamics has the same form as that of Hayward case,
dM =TdS +YdQ,, + VdP +1ldo., (4.42)

with the variables having same meaning. In fact this is the generic form of the first law in
the extended phase space for black holes with nonlinear electric/magnetic charges, which

can be derived using a covariant approach (Zhang and Gao, 2018). The entropy of the black

Sf = 2”g3 ( L] "3) (4.43)

222 ¢

hole is,

where ,F is the Hyper-geometric function. The volume V can be obtained as,

y= (aﬂ ta(ger?

3/2 444
OP)S,Qma 3 ) (4.44)

Inverting the expression of Hawking temperature (Eq. 4.41) for pressure we have the equa-

tion of state,

g2g2T1T

— = (4.45)

P= =2l
4mrt 2r§r 812 2ry

from which an oscillatory behaviour of isotherms below critical temperature and hence the
phase transition is evident, which is well studied (Tzikas, 2019). The critical values of the

thermodynamic variables for this phase transition are determined, which are,

(vV273-17) /4 (V273 +15)

Top=— , 4.46
cB 247rg ( )
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Pug = — (4.47)
12 (\/273 + 15) g
Sep = % (\/273 + 15) 7>, (4.48)

As earlier, the critical values depend on the parameter g. The reduced thermodynamics
variables can be defined from these critical variables as before. The study of coexistent
physics is not trivial compared to Hayward black hole case as the analytical expression for
the coexistence curve is not feasible. Therefore we investigate the critical behaviour of the
black hole numerically in the next section. The coexistent curve which separates the SBH
and LBH phases of the black hole can be obtained numerically by using the swallow tail
behaviour of the Gibbs free energy, G =M - T§.

Photon Orbit and Phase transition

The geodesic for the photon moving in the equatorial plane of regular Bardeen AdS black
hole is analysed in the same line as in Hayward case. The behaviour of V= V4/E is sim-
ilar to that of Hayward case. There exists a critical impact parameter u, which defines the
unstable photon orbit. The photon approaching the black hole with impact parameter u > u,
will be scattered and photon with u < 1. will be absorbed by the black hole. However, quan-
titatively there is a difference in the effective potential, for example height of the potential
barrier is different in Bardeen and Hayward case for a given value of g.

The expression for the photon orbit radius is obtained by solving the second relation in

Eq. (4.28) for the Bardeen background, which has a relatively simple form,

22/3M2 \3/2
Tps = —\3/7 + M+ ﬁ, (449)
where,
Z=-15¢"M+ \/E\/15g4M2—8g2M4+4M3. (4.50)

With the use of Eq. (4.49) and Eq. (4.32) we obtain the minimum impact parameter i,
for the Bardeen case. As argued earlier, the photon sphere radius and minimum impact pa-
rameter are the key quantities in probing the phase transition of the black hole. The isobars in
Tvs. 7ps and Tvs. iiys and isotherms in Pvs. Fps and P vs. it,s planes show the corresponding

vdW like phase transition in regular Bardeen black hole (Fig. 4.7 and Fig. 4.8).
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Figure 4.7: The behaviour of photon sphere radius 7,5 and minimum impact parameter u,s with tem-
perature in reduced space for Bardeen case. These plots are for the reduced pressure P = 0.7,0.8,1,1.2
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Figure 4.8: The behaviour of photon sphere radius ,; and minimum impact parameter u,, with pres-
sure in reduced space for Bardeen case. These plots are for the reduced temperature 7= 0.8,0.9,1,1.2

Unlike Hayward black hole case, it is not possible to solve the equal area law analytically
for the isobars of the Bardeen black hole case. We have performed a numerical calculation
to obtain the result. Using the result we studied the behaviour of photon orbit radius 7,
and minimum impact parameter u,; along the coexistence line (Fig. 4.9). Here too, as in
Hayward case, there is a sudden change for 7, and u,; during the phase transition. The
changes Ary,s and Au,, along the coexistence line is also studied numerically (Fig. 4.10).
The behaviour of the curve is as before. Using the curve fit formula of the form Eq. (4.33),

the numerical fit yields,

AT = 4.04741(1 - T)*07242) (4.51)
p

and

Aflys = 1.51445(1 — 70208615, (4.52)
D

This shows that Ar,s and Au,, serve as order parameter of the phase transition with crit-
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Figure 4.9: The behaviour of photon sphere radius 7,; and minimum impact parameter u,s of the
photon orbit along the coexistence curve for Bardeen case
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Figure 4.10: The behaviour of difference of the radii of the circular orbit A, and the difference of
the minimum impact parameter Aii,s along the coexistence curve for Bardeen case. The change of
concavity near the critical point is shown in the insets

ical exponent 1/2. The numerical data and fitting results are shown in Fig. 4.11. In this
case the numerical errors are within 1.72%. Unlike Hayward case a finite tiny error present
here as the coexistence curve also obtained numerically. From the connection between null
geodesics and thermodynamic phase transition of Bardeen and Hayward cases, we can as-

certain that the result is apparent for any regular spacetime background.

4.4 Discussions

One of the most intriguing aspect of gravitational theories is the presence of physical sin-
gularity at the centre of black holes. Among the several ways of avoiding the black hole
singularity, the non linear electrodynamics (NED) coupled to general relativity is widely
discussed. One of the simple NED model which gives well defined magnetically charged

black holes is the generic regular black holes (Fan and Wang, 2016). The interesting sub
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Figure 4.11: Near critical point behaviours of the change of the photon orbit radius A7, and the
minimum impact parameter Aii,, during the black hole phase transition for the Bardeen case. Red
square dots are the numerical results and blue solid lines are our fitting results

classes of this model are the Hayward and Bardeen black holes. Naturally, it is compelling
to study the physical properties associated with the regular generic black holes and compare
the differences and similarities to the generic black holes which exhibit a physical singular-
ity.

In this chapter, using the formalism of unstable circular null geodesics for a class of
regular black holes including Hayward-AdS and Bardeen-AdS spacetimes, we find a close
connection between the gravity and thermodynamics in the extended phase space. The well-
known van der Waals-like phase structure is probed via the photon orbit radius 7, and mini-
mum critical impact parameter . In the reduced parameter space, the isobars and isotherms
in each of these key parameters’ plots show oscillatory behaviour below the critical values
of the temperature T and the pressure P, respectively. Such behaviours are in accordance
with the van der Waals-like phase transition of the black holes. The disappearance of the
first-order phase transition above the critical point is clearly seen in the isobar and isotherm
plots of 7, and u,,. Moreover, the differences Ar,s and Au,s serve as order parameters
for the critical behaviour. Furthermore, near the second-order phase transition points, these
differences exhibit a change of concavity with critical exponents ¢ = 1/2. We studied the
behaviour of Ar,s and Auy, along the coexistence curve analytically for Hayward-AdS black
hole, whereas, due to the difficulty in solving Bardeen case we adopted numerical method.
The behaviour of Ar,s and Auy,, near the critical point are probed numerically in both the
cases, with a negligible error in Hayward case and a mere 1.72% in Bardeen case. In both
cases we are lead to the same inference, from which we expect that the generic regular black

holes are characterised by the same observed feature.
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Our results show that regular black holes are in close proximity with charged AdS black
holes, in phase transition perspectives. Thus a regular modification to the electrovacuum
solutions of Einstein field equations could be a possible candidate for probing its thermal
properties. The thermal properties connecting the photon orbits may be useful to distinguish
the regular black holes from Kerr one in AdS spacetimes and to test whether or not the
regular black hole candidates are the black holes predicted by Einstein’s relativity. This
is one more interesting peripheral aspect of circular photon orbit which can disclose the
observational signature of the thermodynamic phase transition. Our speculation is on the
ground that photon orbit has strong astrophysical interest, and its ability to reflect the black

hole phase transition.
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Chapter 5

Microstructure and Continuous Phase

Transition of AdS Black Holes

If you can heat it, it has microscopic structure.

Ludwig Boltzmann

Summary

This chapter is based on our article Naveena Kumara et al. (2021b). We study the phase transition
of a regular Hayward-AdS black hole by introducing a new order parameter, the potential conjugate
to the magnetic charge due to the non-linearly coupled electromagnetic field. We use Landau contin-
uous phase transition theory to discuss the van der Waals like critical phenomena of the black hole.
The popular interpretation of the AdS black hole phase transition as between a large and a small black
hole is reinterpreted as the transition between a high potential phase and a low potential phase. The
underlying microstructure for this phase transition is probed using the Ruppeiner geometry. By in-
vestigating the behaviour of the Ruppeiner scalar curvature, we find that the charged and uncharged
(effective) molecules of the black hole have distinct microstructures analogous to fermion and boson

gas.

5.1 Introduction

For a charged AdS black hole, choosing a parameter space with coordinates as mass and
pressure, the Ruppeiner curvature scalar can be written in terms of the molecular density of
the black hole microstates (Wei and Liu, 2015). Here, by introducing the concept of black

hole molecules, the authors have studied the phase transition and the interaction between
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the black hole molecules in two distinct phases. The molecular number density measures
the microscopic degrees of freedom, using which the order parameter is constructed. How-
ever, recently it was shown that for RN-AdS black hole the phase transition is regulated by
the electric potential (Guo et al., 2019). Black hole can exist in any of the three potential
phases, namely, high potential phase, low potential phase and neutral potential phase. The
neutral potential phase of the black hole is analogous to the liquid-vapour coexistence phase
found in a vdW system. The potential due to the charge QO serves as the order parameter.
The microscopic and phase transition study is carried out by using the Landau continuous
phase transition theory. The influence of charge, the key entity in phase transition as it was
conjectured, on the microstructure is investigated via Ruppeiner geometry. In this regard,
one of the motivations for our research stems from the curiosity about the phase structure of

the black holes which are composed of magnetic charges.

It is more reasonable to rephrase the question we posed in the beginning as, “Does a
black hole without a singularity have a microstructure?” In this work, we investigate the
phase structure of regular Hayward black hole in AdS background. The chapter is organized
as follows. In section 5.2, the phase transition is studied using the Landau theory of contin-
uous phase transition, followed by probing the microstructure using Ruppeiner geometry in

section 5.3. Results are presented in section 5.4.

5.2 Phase Transition of Regular Hayward Black Hole

5.2.1 Thermodynamics of the Black Hole

We recall the thermodynamic quantities of Hayward AdS black hole, which we have pre-
sented in section 4.2. The Hawking temperature of the black hole, which is related to the

surface gravity «, is obtained as

4
T:f(r+)_ 2I)7ﬂ+ _ 83 + V%— (51)

4r B4 2ar (B+r) 4n(P+r)

With this temperature, we can write the first law of thermodynamics in the conventional
form,

dM = TdS+YdQ,, + VdP + I1da. (5.2)
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Where YV is the conjugate potential for the magnetic charge Q,,, I1 is conjugate to the param-

eter a. The volume and entropy of the black hole have the following non trivial profile,

_4 (3 3 _ ”%r g3
V= gn(g +r+) and S—ZH(?—Z . (5.3)
The Potential reads as,
oM 3g*
= (—) = % (5.4)
00mlspa  V2a(g®+13)
Rearranging Eq. (5.1) we have the equation of state,
S 2T 1 T
p=f &% (5.5)

= -t
4oy 2% 8mh 2ry

The critical behaviour of regular Hayward black hole can be studied by choosing a pair of
conjugate variables like (P— V) or (T—S). Choosing the pair (P, ) we have the Maxwell’s

equal area law in the following form,

£

Po(Vo=17) :f Pdv. (5.6)
14

With Eq. (5.6) and using corresponding expressions for Py (V1) and Py(}?) from equation of

state, we obtain,
1/3

3 2
x(x’+6x +6x+1)+y
rpmg | OO 4B 6)
X
poo 3|l ore) U3 ([(2x* 11 =202~ 11x-2)  7+2] 5.8
0= xt 16wg2x (x2 +4x+1) (3x2+4x+3)2 ’ '
3 2 2/3
et o O ) Ty (03 4 42 4 dx 1) ]
To = (5.9)
4rgx (3x* +16x3 +22x2 + 16x +3)
Where

y=x2 (x6+12x5+54x4+82x3+54x2+12x+1), (5.10)
z:x(2x7+23x6+1o4x5+213x4+213x3+104x2+23x+2), (5.11)
u:x(x6+10x5+37x4+54x3+37x2+10x+1). (5.12)

We have taken x = r| /1, where r| and r, are the radii of black hole for first-order phase
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transition points. x = 1 gives critical values of temperature 7" and pressure P,

(5\/5—4\/5) (3\/3+ 7)2/3

T, = T3rg (5.13)
3(ve+3)
P.= - (5.14)
16 22/3 (3\/8+7) g’

During the phase transition, a system undergoes a sudden change in its physical properties
which is controlled by external thermodynamic variables. A familiar example in day-to-
day life is the solid-liquid-gas transition due to a change in the temperature or pressure. A
common feature of these transitions is that the order or symmetry of the system changes at
the transition point. At the phase transition point of the black hole, there is a sudden change
in the potential ¥, which is controlled by the pressure and temperature. This indicates that
the black hole microstructure is in different phases at different potentials. The two phases of

the black hole with different symmetry and order are determined by the potentials,

(5.15)

where 71 and 7, can be written in terms of x using Eq. (5.7), and the critical value of the
potential W can be obtained by setting x = 1. We define the following order parameter to

characterize the phase transition,

V-1
oD = e (5.16)

The behaviour of the order parameter is shown in Fig. 5.1, where we have defined y = T/ T¢.
We examine the mechanism of black hole phase transition from the perspective of black
hole magnetic charge, since the conjugate potential of magnetic charge serves as the order

parameter.

5.2.2 Phase Transition of the Black Hole

In Landau theory, a continuous phase transition is associated with a broken symmetry. In
other words, the phase transition is the spontaneous breaking of the symmetry, where the

system chooses one state during this. Landau realized that an approximate form for the
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Figure 5.1: The order parameter vs reduced temperature (¢ — y) plot of regular Hayward AdS black
hole

free energy could be constructed without prior knowledge about the microscopic states. In
this theory, it is always possible to ascertain an order parameter which vanishes on the high-
temperature side of the phase transition and has a non-zero value on the low-temperature side
of the phase transition. That is, in one phase, the order parameter has a non-zero value; in
another phase, it vanishes. The order parameter describes the nature and extent of symmetry
breaking. Atthe second-order phase transition, the order parameter grows continuously from
the null value at the critical point. Since the order parameter approaches zero at the phase
transition, one can Taylor expand the free energy as a power series of the order parameter.

The symmetries of the theory govern the form of this expansion.

The phase transition in a black hole system can also be characterized by the symmetry
and order degrees as in a conventional thermodynamic system. In a black hole system, we
can identify two phases with different potentials below the critical point (for 7 < T¢). The
system in higher potential phase ¢ possesses a relatively ordered state with lower symme-
try. This corresponds to a certain orientation of black hole molecules under the action of the
strong potential ¢ ;. Whereas, the system is in a lower potential state ¢, possesses relatively
lower order degree and a higher symmetry than the phase ¢;. This is due to the weakened
orientation of the black hole molecules. The black hole molecules will have a certain orienta-
tion for all the values of temperature below critical value 7¢c. When the temperature is above
the critical value (7> T¢), the thermal motion of molecules increases and causes the black
hole molecules to attain random orientation. The system now has a higher symmetry than all
the states below the critical temperature. For the less symmetrical phase (below the critical
temperature with higher-order) the order parameter ¢ is non-zero. For the more symmetrical

phase (above critical temperature with lower order) the order parameter ¢ is zero.
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Near the critical point 7, the order parameter ¢ is small and hence the free energy can
be expanded in terms of the order parameter. The symmetry of the spacetime under the

transformation ¢ = —¢ removes the odd powers in that perturbation series.

1 1
G, T :Go(ﬂ+§a(T)(p2+Zb(T)(p4+... (5.17)

where Gy is the Gibbs free energy at ¢(7) = 0, which describes the temperature dependence

of the high temperature phase near the critical point.

In Landau theory, it is presumed that b > 0 so that the free energy G has a minimum for
finite values of the order parameter ¢. For a > 0, there is only one minimum at ¢ = 0, which
corresponds to the symmetrical phase (more symmetrical phase). Whereas for a < 0 there are
two minima with ¢ # 0 in the unsymmetrical phase (less symmetrical phase). The transition
point is governed by the condition of @ = 0. One of the assumptions of the theory is that a(7)
has no singularity at the transition point so that it can be expanded in the neighbourhood of

the critical point as integral powers of (7'— 7). To first order,

a=ag(T-Tc) agp > 0. (5.18)

The coefficient b(7) may also be replaced by b(T¢) = b. The expansion of free energy, there-
fore, becomes,

1 1
G, D = Go(D) + 5a0(T~ TC)<p2+Zb(p4+... (5.19)

In the unsymmetrical phase, the dependence of the order parameter ¢ on the temperature
near the critical point is determined by the condition that G which is a function of ¢ be a
minimum. In a stable equilibrium state, G(7) has a vanishing first derivative and a positive

second derivative.

oG

— =ay(T-To)p+bp’> =0 (5.20)
0p
62
o6 =ay(T—-Tc) +3b¢? > 0. (5.21)
op?
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The solutions of Eq. (5.20) are,

=0 and (p:i\/—@ (5.22)

The solution ¢ = 0, when a > 0, renders a disordered state in the temperature range
T > Tc. The non-zero solution corresponds to the ordered state, where the configuration
of the phases on the temperature scale depends on the sign of ag. For ag > 0 and ap < 0,
the ordered state corresponds to the temperatures 7' < T and 7 > T¢, respectively. From
Eq. (5.22) we have ¢ o (T—T¢)'/? near the critical point, which gives the critical exponent
p=1/2.

Substituting these solutions (5.22) back to the Eq. (5.19) we get the reliance of free

energy on the temperature near the phase transition point,

G(T, ) = Gy, T>Tc (5.23)

az
G(T,p)=Gy (D-5(T-T)?, T<Tc. (5.24)

These solutions match at 7= T, i.e., the free energy is continuous at the critical point. At

constant pressure the total differential of the Gibbs free energy is

dG=-8dT - Q,,d¥ — adll. (5.25)
The expression for entropy is,
0G| a;
=—|—|=—(T-To). 2
s=-(32) = Rer-10 (5.26)

This is the difference of entropy between the ordered and disordered states. If the entropy
2

of the disordered phase is Sy, and that of ordered phase is Sy + %O(T —Tc). The black hole

entropy is also continuous at the phase transition point. The specific heat can be calculated

as

(5.27)



The specific heat has a jump at the critical point,

2

a
C(T< TC)|T:TC_C(T> TC)'T:TC:?OTC' (528)

From this it is clear that the heat capacity of the ordered state is greater than that of the
disordered state. This expression also indicates that the critical exponent a is zero. From Eq.

(5.25) we have,

oG
—On = (%) =ao(T—-To)p +by>. (5.29)
T
Which gives,
- ( 9% ) - ! (5.30)
00m)7 ao(T—Tc)+3bp3 '

Using Eq. (5.22) gives two branches,

forT> T

1
a(p ) ag(T-T¢)
(22 - (5.31)
( T

00m

-1
YaeT=T5) forT< T¢

From this we can infer that the critical exponent y = 1. At the phase transition point a = 0,

therefore, from Eq. (5.30) we can obtain the relation,

Om o< ¢°. (5.32)

Which simply tells that the critical exponent J = 3.

5.3 Ruppeiner Geometry and Microstructure

Landau theory, being universal, does not give the phase structure of the system. However,
the symmetry or order of degree of the system arises from the underlying microstructure.
The parameters a and b in the theory are related to the system characteristics. However,
they do not appear in the identification of critical exponents. This discrepancy persists even
for a conventional thermodynamic system. This is because, in the continuous phase transi-
tion theory, the fluctuation of the order parameter is not considered near the transition point.
This can be addressed by using a fluctuation theoretical tool, namely the Ruppeiner geom-

etry. The black hole microstructure can be analyzed by studying the nature of Ruppeiner
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Figure 5.2: The Ruppeiner scalar curvature vs reduced temperature (R — y) plot for regular Hayward
AdS black hole

curvature scalar R. The thermodynamic invariant curvature scalar R is calculated by using
the definition in the Weinhold energy form (Weinhold, 1975b),

1 0*M

8af = T 3xagxP (5.33)

in the (S, P) parametric space. The exact expression for the curvature scalar is complicated.
Using the earlier results (equations 5.7, 5.8 and 5.9) we obtain the curvature scalar for the
two phases of the black hole. The obtained R is plotted against y to study the nature of
the interaction between the black hole molecules (Fig. 5.2). We also note that in the limit

g/ry << 1, the Ruppeiner scalar takes the following simple form,

573243\ /S - §2
(723 + $72) (32 (8PS + 1) — 2%/2g3)

R= (5.34)

The behaviour of R does not change in this approximation. This simply means that the
correction to entropy in a regular black hole does not impact the nature of microscopic in-
teractions. In a magnetically charged black hole, there are two distinct types of molecules;
charged and uncharged, which contributes to the microscopic degrees of freedom of the en-
tropy. The black hole phase transition can be seen as a manifestation of the phase structure

of a two-fluid system with magnetically charged and uncharged molecules.

The ordered and disordered phase of the black hole can be attributed to the relative degree
of freedom of the magnetically charged molecules. If the d.o.f. of charged molecules is N,
and the total d.o.f the black hole is N, the black hole can have three different situations
depending on Ng/N ratio. Ng/N = ng is moderately ordered, Ng/N > ng highly ordered and

Ng/N < ng less ordered phases, due to the action of the magnetic potential V.
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At a given temperature the magnetic potential corresponding to the R; and R, branches
are different. Since W, < W1, R, represents the symmetric phase of the black hole where
the molecules are in a disordered state. In other words R, stands for the low potential phase
of the black hole. Therefore R, branch always represents the situation Ng/N < ng. Whereas
the phases corresponding to R; have three different cases. R; > 0 phase (Ng/N < ng) has
less symmetry and higher order, Ry = 0 phase (Ng/N = ng) has both moderate symmetry and

order, Ry <0 phase (Ng/N > ng) has more symmetry and lower order.

5.4 Discussions

From several recent developments in the field of black hole thermodynamics, it is a well-
established notion that black holes have microstructure like ordinary thermodynamic sys-
tems. Moreover, the degrees of freedom of these constituent black hole molecules is what
counts towards the black hole entropy. The phase structure of these molecules entitles the
thermodynamic and phase transition properties of the system. In this work, we have shown
that the phase transition of a magnetically charged black hole is determined by the magnetic
potential. However, this result is similar to that of RN-AdS black hole where the key role is
played by the electric potential (Guo et al., 2019). The symmetry or the order degree of the
regular black hole is governed by the magnetic potential. The changing symmetry results in
different phases of the system, which is investigated using the Landau theory of continuous
phase transition.

The statistical interpretation of the Ruppeiner scalar reveals the nature of the interaction
of the black hole molecules. Under the limiting case g — 0, we have R < 0, which corre-
sponds to uncharged molecules. With the presence of charged molecules, R tends to become
positive. In the context of quantum gases, R < 0 and R > 0 results are obtained for fermion
gas and boson gas, respectively (Mirza and Mohammadzadeh, 2008; May et al., 2013b). For
the regular Hayward black hole, magnetically charged molecules and uncharged molecules
have different microstructures similar to fermion gas and boson gas.

However, in the case of anyon gas, the sign of R tells the average interaction between
the constituents. Positive R stands for repulsive, and negative R corresponds to attractive
interaction. Vanishing R implies zero interaction. In this view, we can think that the black

hole molecules have repulsive, attractive and zero interactions depending on the curvature
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scalar behaviour. Our research gives information about the microstructure of magnetically
charged molecules which is similar to that of electrically charged molecules in RN-AdS black
hole. This phenomenological description will help us understand the exact microstructure of
the black hole in future research, and similar investigation can be done for other non-singular

black holes.
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Chapter 6

Repulsive Interactions in the

Microstructure of AdS Black Holes

Imagination is more important than knowledge.

Albert Einstein

Summary

The present chapter is modified version of our published article ( Naveena Kumara et al., 2020b).
We study the interaction between the microstructures of Hayward-AdS black hole using Ruppeiner
geometry. Our investigation shows that the dominant interaction between the black hole molecules
is attractive in most part of the parametric space of temperature and volume, as in van der Waals
system. However, in contrast to the van der Waals fluid, there exists a weak dominant repulsive
interaction for small black hole phase in some parameter range. This result clearly distinguishes the
interactions in a magnetically charged black hole from that of van der Waals fluid. However, these
sort of interactions are characteristic for charged black holes since they do not dependent on magnetic

charge or temperature.

6.1 Introduction

Recently, a general Ruppeiner geometry framework was developed from the Boltzmann en-
tropy formula, to study the black hole microstructure (Wei et al., 2019a). The fluctuation
coordinates were taken as the temperature and volume, and a universal metric was con-
structed. When this methodology was applied to the van der Waals fluid, only a dominant

attractive interaction was observed, as it should be. However, when the same methodology
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is used for the RN-AdS black hole, a different result was obtained. A repulsive interaction
between black hole molecules was found in a small parameter range, in addition to the dom-
inant attractive interaction in the rest of the parameter space (Wei et al., 2019a,b). Even so,
in the case of five-dimensional neutral Gauss-Bonnet black hole, only a dominant attractive
interaction was discovered, which is similar to van der Waals fluid (Wei and Liu, 2020b).
Therefore, in general, the nature of the black hole molecular interactions are not universal.
In our recent work ( Naveena Kumara et al., 2021b), we have observed that there exists
a repulsive interaction in Hayward-AdS black hole, like that in the RN-AdS case. In the
present work, we will make a detailed investigation of the previously observed repulsive

interaction.

The primary motivation for our research is due to the great interest regarding regular
black holes in black hole physics, as they do not possess any physical singularities. Wide
variety of regular black holes exist, ranging from the first solution given by Bardeen (Bardeen
etal., 1973), and its modifications (Ayon-Beato and Garcia, 1998, 2000), to the one in which
we are interested, the Hayward black hole (Hayward, 2006). (We suggest the readers to
go through our articles ( Naveena Kumara et al., 2020a, 2021b) for a detailed discussion
on this). Hayward black hole is a solution to Einstein gravity non-linearly coupled to an
electromagnetic field which carries a magnetic charge. The secondary motivation for the
present study comes from the question, what is the nature of the microstructure of a black
hole with magnetically charged constituents? In this chapter, we probe the phase structure

and repulsive interactions in the microstructure of this magnetically charged AdS black hole.

The chapter is organised as follows. In the following section, we discuss the phase struc-
ture of the black hole. Then the Ruppeiner geometry for the black hole is constructed for

microstructure study (section 6.3). Then we present our findings in section 6.4.

6.2 Phase structure of the Hayward-AdS Black Hole

We study the phase structure in the extended phase space, where the cosmological constant A
gives the pressure term P = —A/8x. For completeness, we briefly recall the thermodynamic

quantities of the black hole presented in previous chapters. The thermodynamic quantities;
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temperature, volume and entropy of the black hole are easily obtained as,

2pr ”
pfe) 2Pt g , 6.1)
dr G+ 2mr(@+r3) 4n (P +73)
_4 (5.3 _ rg
V—gn(g +r) and S—2n(3—7). (6.2)
These results are consistent with the first law,
dM =TdS +YdQ,, + VdP +1ldo., (6.3)
and the Smarr relation,
M=2(TS-VP+1la) +¥YOy,. (6.4)
The heat capacity of the black hole system at constant volume is,
oS
= T —_ = V. .
Cy ( 3 T)V 0 (6.5)

Inverting the expression for the Hawking temperature (6.1) we get the equation of state,

3
=& R + z
4zrS 24 8mr?  2r

(6.6)

From the state equation, we can observe that the black hole shows a critical behaviour similar
to that found in a van der Waals system. This is often interpreted as the transition between a
small black hole (SBH) and a large black hole (LBH) phases. In our earlier study ( Naveena
Kumara et al., 2021b), we have shown that an alternate interpretation is possible using
Landau theory of continuous phase transition, where the phase transition is between the black
hole phases at different potentials. In this alternate view, the black hole phases, namely high
potential, intermediate potential and low potential phases, are determined by the magnetic
charge. In either of these interpretations, the phase transition can be studied by choosing a
pair of conjugate variables like (P—V) or (7—S). With the conjugate pair (P, V), the Maxwell’s
equal area law has the form,

Po(Va— V) = fV " pav. 6.7)

I

Since there exists no analytical expression for the coexistence curve of Hayward-AdS black

hole, we usually seek numerical solutions. For that, we obtain the following key ingredient
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from the Maxwell’s equal area law. Using the Eq. (6.7) and expressions for Py(V) and
Py (V) from equation of state (6.6) we get the solution as Py (x) and 7y (x) (see Ref. ( Naveena
Kumara et al., 2021b)). We have taken x = r| /r,, where r| and r, are the radii of black hole

for first-order phase transition points. The critical values are readily obtained by setting

x=1,
(5\/5—4\/§) n%B
T, = .
31’12
= ’ 6.9
‘" 16x 22833 B rg? (6.9)
and
Ve=4n3ng’, (6.10)

where n; = 3vV6+7, ny = vV6+3 and n3 = 2v6+ 5. The reduced thermodynamic variables
are defined as,

T.=— pP.=— p.=_. (6.11)

Using these we can write the equation of state in the reduced parameter space,

228333 [V (@n)*3 T, B Ve — '3 = 2n3) + 2]
Pr= ETEE .

6.12
ny [3n3V, (12

The reduced equation of state is independent of the magnetic charge parameter g. From the
reduced state equation we obtain the spinodal curve, which separates metastable phases from

the unstable phase, using the condition,
(0v,Py) 7, =0. (6.13)

The explicit form of the spinodal curve is,

T = 24/3n3[n3Vr—2]
B sV B V- 1)1

(6.14)

Solving this for V, and substituting in Eq. (6.12) we obtain the curve in P— V' plane. The
spinodal curve along with the coexistence curve display the stable, unstable and metastable
phases of the black hole. The coexistence curve is obtained numerically using the expres-
sions 7 (x), Po(x) and Tp(x). The spinodal and coexistence curves are shown together in Fig.

6.1. By fitting the coexistence curve in P — T plane we obtained the following expression,
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Figure 6.1: Phase structure of Hayward-AdS black hole in P—T and 7T— V diagrams. The coexistence
curve is represented by a solid line and the spinodal curve is shown with a dashed line.
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Figure 6.2: The behaviour of volume change AV} = V,;— ¥V, during phase transition of the black hole.
The behaviour near the critical point is shown in inlets using linear scale.

P.=  5.622x1077=5539x 1077, +0.6937% + 0.1365T> + 0.1966T*
~0.425572 +1.13478 - 1.698T7 +1.62178 —0.86517) +0.20857T10,  (6.15)

The SBH, LBH and supercritical BH phases are depicted in Fig. 6.1(a). The coexistence
curve separates the SBH and LBH phases. It terminates at the critical point, after which
the distinction between the SBH and LBH states is not possible, hence this corresponds to
the supercritical black holes. The region between the coexistence curve and spinodal curve
corresponds to the metastable states, namely the supercooled LBH and the superheated SBH,
which are shown in the 77—V diagram (Fig. 6.1(b)). An observable feature in these diagrams
is that the spinodal and coexistence curves meet each other at the critical point.

Now, we would like to study the change in volume during the black hole phase transition

as a function of temperature and pressure. Using expression of 7, (x), we make the functional
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change V(r) — V(x) to obtain a parametric expression for AV,. The parametric expression
of AV, along with that of 7, and P, (Ty(x) and Py(x) expressions ) are used to plot Fig. 6.2,
which gives the behaviour of AV,.. From Fig. 6.2 it is clear that, AV, decreases with increase
in both temperature and pressure. It approaches zero at the critical point (7, =1 and P, = 1).

The numerical calculation reveals that, the behaviour near the critical point is,
AV, =9.5005(1- T, AV, =5.4984(1-P,)">1°. (6.16)

This suggests that the change in volume AV, can serve as the order parameter to characterise

the black hole phase transition, with a universal critical exponent 1/2.

6.3 Microstructure of the Hayward-AdS Black Hole

In this section we examine the microstructure of the black hole using Ruppeiner geometry in
which T and V are taken as fluctuation coordinates. The line element in this parameter space

has the form (Wei et al., 2019a),

Cy OvP)r , »
di> = —d1* - —L 417, 6.17
z T (17

The heat capacity Cy vanishes for the Hayward-AdS black hole (Eq. 6.5). This makes the
line element (6.17) singular, hence the corresponding geometry will not give the information
regarding the microstructure of the black hole. Therefore the normalised scalar curvature is

used for studying the microscopic interactions,
Ry =CyR. (6.18)

From a straightforward calculation, for the Hayward-AdS black hole we obtain,

R [87g® — V] [87g° (z+ 1)+ V (2t - 1)]
N 2[47tg3 (r—f-2)+V(r—1)]2

. (6.19)

with
1/3
= 7r2/3T(6V— 87rg3) . (6.20)

In terms of the reduced parameters,
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Figure 6.3: The behaviour of the normalised curvature scalar Ry against the reduced volume V, at
constant temperature.
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6.21)

where,

4=2"0RT, (V2V, 4+ 5vV2-4V3) B3V - 1) (6.22)

Similar to the case of charged AdS black hole and Gauss Bonnet black hole, Ry is indepen-

dent of g. The normalised curvature scalar Ry diverges along the spinodal curve.

The behaviour of Ry with reduced volume V, for a fixed temperature is studied in Fig.
(6.3). For T, < 1, below critical temperature, Ry has two negative divergence points. They
approach each other as the temperature increases and merge together at V,, = 1 for 7, = 1.
These divergences do not exist for temperatures greater than the critical value. We see that
there always exists small regions where the curvature scalar is positive (shown in inlets). We

need to examine whether these regions are thermodynamically stable. Setting Ry = 0 we get,

Trsp _ 2516 (n3V,—2]
2 @B \V2V,+5v2-4V3| BrsV, - 1]
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Figure 6.4: 6.4(a): The sign changing curve (dot-dashed black) of Ry along with the coexistence
(solid red) and spinodal (dashed blue) curves. The vertical black (dot-dashed) line corresponds to Vj.
6.4(b): The behaviour of normalised curvature scalar Ry along the coexistence line. The red (solid)
line and blue (dashed) line corresponds to LBH and SBH, respectively. The inlet shows the region
where the SBH branch takes positive Ry value.

This is the sign-changing temperature (where curvature scalar changes its sign) , which is
half of the spinodal curve temperature as in vdW system, RN-AdS and Gauss-Bonnet black

holes. Another solution for this is, V, =2/n3 = V}.

The spinodal, sign changing and coexistence curves are shown together in Fig. 6.4(a).
The region (/) under the spinodal curve for V, > V), Ry is positive, which corresponds to the
coexistence phase of SBH and LBH, similar to van der Waals fluid’s coexistence phase. Ev-
erywhere below V), Ry is positive, including region above and below the coexistence curve.
The region (/) under the coexistence curve is the same as the previous case, a coexistence
phase. However, in the region (/) above the curve, which is a SBH phase, we can safely
say that the black hole molecules possess repulsive interaction. Therefore in Hayward-AdS
black hole, for a small parameter range there exist dominant repulsive interaction. This result
is similar to RN-AdS black hole and in contrast to five-dimensional neutral Gauss-Bonnet

black hole, where there is no repulsive interaction.

Finally, we consider the behaviour of the scalar curvature Ry along the coexistence curve.
Since there exists no analytical expression for the coexistence curve, the analytical study
of the curvature scalar behaviour is not possible. The numerical solution is obtained and
shown in Fig. 6.4(b). Both the SBH branch and LBH branch of Ry have divergences near
the critical point. For a large black hole, the sign of Ry is always negative and hence the
microscopic interaction is always attractive. Interestingly, for the small black hole, there
is a lower temperature range where Ry is positive (inlet of the diagram). This indicates a

repulsive interaction between the black hole molecules. From this, we can conclude that
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Figure 6.5: The numerical fit of In|Ry| vs. In(1 — 7;) for LBH (left) and SBH (right) branches. The
solid blue line correspond to the plot of fitting formula and the red dots correspond to numerical data.

in the low-temperature regime, the microstructure, as well as microscopic interaction of the
black hole changes drastically during the phase transition. Whereas in the high-temperature
range, only microstructure changes, and the nature of interaction remains attractive in both
phases. These results are strikingly different from that of van der Waals fluid, where the

dominant interaction among the molecules is always attractive.

The critical phenomena associated with the Ruppeiner curvature along the coexistence
curve is also studied numerically, as in Ref. (Wei et al., 2019b). The numerical fit is obtained

by assuming the following behaviour near the critical point,
Ry~ (1 —=TrP. (6.24)

Which reduces to
In|Ryl=-pIn(1-T,) +4. (6.25)

From the numerical fit for the SBH and LBH branches we obtain,

SBH: InRy=-1.97733In(1-17,)—1.83058 (6.26)

LBH: InRy=-2.03007In(1-7,)—2.37298 (6.27)

These are depicted in Fig. 6.5 along with the numerical data. The results suggest that p = 2,
which we set as p = 2 considering the numerical error. Combining Eq. (6.26) and Eq. (6.27)

we construct,

Ry(1 = Tr)? = —¢(1:8305842.37298)12 _ _ (3 122238 ~ —1/8. (6.28)
73



This agrees with previously obtained results for vdW fluid and other AdS black holes (Wei
et al., 2019a,b; Wei and Liu, 2020b), that Ry has a universal exponent 2 and the relation

Rn(1—T,)* = —1/8, near the critical point.

6.4 Discussions

In this chapter, we have studied the phase transitions and microstructure of the Hayward-
AdS black hole. The microscopic properties are analysed from the behaviour of Ruppeiner
curvature scalar along the coexistence curve. Since an analytical expression for the coexis-
tence curve is not feasible we have carried out our investigation numerically. In the first part
of the chapter, we probed the phase structure of the black hole using the coexistence curve
in P.—T, and T, — V, planes. Along with this, spinodal curve is also plotted, which enables
us to identify the metastable phases of the black holes, namely the superheated SBH and the
supercooled LBH. It is shown that the change in volume AV, during the SBH - LBH phase
transition can serve as an order parameter to describe the same. The behaviour of AV, has a
critical exponent 1/2 which is universal.

In the second part of this chapter, we have focused on the Ruppeiner geometry of the
black hole. We have adopted the definition of curvature scalar given in the Ref. Wei et al.
(2019a), where the fluctuation coordinates are temperature and volume. The normalised cur-
vature scalar diverges to the negative infinity at the critical point. Also, we numerically con-
firm that in the vicinity of critical point Ry has a critical exponent 2 and Ry(1 — 7,)* = —1/8.
Even though the black hole shows van der Waals like phase transition, the microstructure
properties differ in some aspects. In van der Waals fluid the dominant interaction among the
constituent molecules is always attractive, which does not change during the phase transition.
The change in microstructure does not lead to any change in the nature of microscopic inter-
action. However, in Hayward-AdS black hole there exists a domain, low-temperature range
for the small black hole, where the dominant interaction between the black hole molecules 1s
repulsive, which is inferred from the positive sign of the normalised curvature scalar. Dur-
ing the phase transition, in this temperature range, the microscopic interaction of the black
hole changes significantly. This result is similar to what is observed in RN-AdS black hole
and in contrast to the five-dimensional neutral Gauss-Bonnet black hole, where the inter-

action is always attractive like van der Waals fluid. To conclude, the magnetic charge in
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the Hayward-AdS black hole plays a similar role as the electric charge in RN-AdS black
hole in contributing to the microstructure. We believe that this is another significant step in

understanding black hole microstructure properties.
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Chapter 7

Reentrant Phase Transition and

Microstructure of AdS Black Holes

I know that I know nothing.

Plato, Socratic paradox

Summary

In this chapter we study the microscopic origin of this reentrant phase transition by employing a novel
Ruppeiner geometry method, which is based on our published article in Phys. Rev. D. ( Naveena
Kumara et al., 2021a). Having in mind that the entropy and volume are interdependent in a spher-
ically symmetric AdS black hole, the application of Ruppeiner geometry for such a system must be
carried out with a special care. We have constructed the Ruppeiner curvature scalar in the parametric
space where the temperature and volume are the fluctuation coordinates. we investigated the phase
structure and the corresponding microscopic interactions for both the standard van der Waals (SPT)
and the reentrant phase transitions (RPT), where a first-order phase transition is accompanied by a
zeroth-order transition. They discovered that the microstructure that leads to RPT is distinct from that
of SPT. We have shown that the Born Infeld coupling coefficient b determines the microscopic in-
teraction of the black hole. Due to the complex structure of spacetime the authors were only able to

perform numerical calculations.

7.1 Introduction

A reentrant phase transition (RPT) occurs when the system undergoes more than one phase

transition when there is a monotonic change in the thermodynamic variable, such that, the
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initial and final macrostates of the system are the same. In conventional thermodynamic
systems, this phenomenon was first observed in the nicotine/water mixture, in a process
with a fixed percentage of nicotine and an increase in the temperature, the system exhib-
ited a reentrant phase transition from initial homogeneous mixed state to an intermediate
distinct nicotine/water phases and finally to the homogeneous state (Hudson, 1904). This
kind of reentrant phase transition is observed in a variety of physical systems, more com-
monly in multicomponent fluid systems, gels, ferroelectrics, liquid crystals, binary gases
etc. (Narayanan and Kumar, 1994). This phenomenon is not limited to condensed matter
physics, for example, a (2 + 1) dimensional Dirac oscillator in non-commutative spacetime

and magnetic field shows a similar phase transition (Panella and Roy, 2016).

In black hole physics, reentrant phase transition was first observed in four-dimensional
Born Infeld AdS black holes (Gunasekaran et al., 2012), where the initial and final phases
are large black holes and the intermediate phase is an intermediate black hole. For this case,
LBH/IBH/LBH reentrant phase transition takes place when the temperature is decreased
monotonically in a certain range of pressure. However, higher dimensional Born Infeld
black holes do not show reentrant phase transitions (Zou et al., 2014). Interestingly, rotating
black holes in dimensions d = 6 show reentrant phase transitions (Altamirano et al., 2013). In
subsequent studies, the RPT in higher dimensional single spinning and multi spinning Kerr
black holes in anti-de Sitter and de Sitter spacetime were investigated (Altamirano et al.,
2014b,a; Kubiznak and Simovic, 2016). Reentrant phase transitions were also observed in
gravity theories consisting of higher-curvature corrections (Frassino et al., 2014; Wei and
Liu, 2014; Hennigar et al., 2015; Sherkatghanad et al., 2016; Hennigar and Mann, 2015).
The reentrant phase transition of Born Infeld black hole was also analysed with a different
perspective, wherein the charge of the system was varied, and the cosmological constant
(pressure) was kept fixed (Dehyadegari and Sheykhi, 2018). Furthermore, the relationship
between the RPT and the photon sphere of Born Infeld AdS spacetime has been studied (Xu
etal., 2019). With a motivation from the famous saying by Boltzmann, ‘If you can heat it, it
has microstructure’, it is reasonable to ask, what is the underlying microstructure that leads

to a reentrant phase transition in a black hole?”

This chapter is organised as follows. In the next section, we discuss the thermodynamics
and the phase structure of the black hole. We will consider the van der Waals case (which will

be called SPT throughout the chapter which stands for standard phase transition) and RPT
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case separately. Then the microstructure study is carried out by constructing the Ruppeiner
geometry using the fluctuation coordinates as temperature and volume (section 7.3). In the

final section (7.4) we present our results.

7.2 Thermodynamics and Phase Structure of the Black Hole

In this section we present thermodynamics and phase structure of the Born-Infeld AdS (BI-
AdS) black hole. The action for Einstein gravity in the presence of Born-Infeld field has the
following form (Born and Infeld, 1934; Gunasekaran et al., 2012),

F,, Fv
922A+4b2(1 1+ )

1
S= Efaz“x\/?g || (7.1)

Here # and A are the Ricci scalar and cosmological constant, respectively. The Born Infeld
parameter b with dimension of mass represents the maximal electromagnetic field strength,
and is related to the string tension (the identification is motivated from string theory (Gib-
bons, 2001)), and F,, = 0,4, — 0,4, is the electromagnetic field tensor, where 4, is the
vector potential. We study the extended thermodynamics of the black hole, where the cos-
mological constant serves the role of thermodynamic pressure. Their relation to the AdS
radius / are given by,

3 P 3

A:—l—z, and :@.

(7.2)

The solution to the Einstein field equations in the static and spherically symmetric spacetime

background yields (Fernando and Krug, 2003; Dey, 2004; Cai et al., 2004),

Y

dindr, (7.3
1+ 0% b?

ds® = —fndf* +1 ) dr? + 12 (d@z +sin? ngoz) and F=

with the metric function of the form,
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Where, »F is the hypergeometric function, the parameters M and Q are the ADM mass and
the asymptotic charge of the solution, respectively. We obtain mass of the black hole by
setting f(ry) =0,

3 2 2 2
Ty I b&(l— 1+ Qz) 20 (115 Q ) (7.6)

M=—"+2+ + ==, 5, 5=
2 2273 A 32 N2 A

The Hawking temperature and the corresponding entropy are given by,

R 3ry o, [ 02
T_4m(1+ 7 +2b &(1 1+b2r1 , (7.7)

S===nur’. (7.8)

The electric potential ®@ and the electric polarization B, which is conjugate to b and is referred
to as “BI vacuum polarization”, measured at infinity with respect to the event horizon they

are calculated to be,

0 115 @2

q):_F Ty T T .
ro 428 A (79)
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B==br 1= [1+=—+="—|1F |-, =, 5;— 7.10
3 r+( A b, PN T A (7.10)

Interpreting the mass M, as enthalpy rather than the internal energy of the black hole, we

obtain the first law of thermodynamics as,

dM = TdS+ VdP+ ®dQ + Bdb, (7.11)

where V = 4”3’3* is the thermodynamic volume of the system. In addition to the first law

of thermodynamics, the thermodynamic quantities of BI-AdS black hole satisfy the Smarr

formula, which is obtained by scaling argument as,

M=2(TS-VP)+®0 - Bb. (7.12)

The equation of state of the black hole system is,

T 1 b? 0?2
P —— 1= 1+=]. 7.13
ZT— 4n( bzri) (7.15)
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The black hole shows a van der Waals like phase transition, which depends on the value
of the Born Infeld coupling coefficient 5. The critical values corresponding to this phase

transition is obtained by employing the conditions,
(0r,P)7=(0s,,r,P)7=0. (7.14)

The critical values are (Gunasekaran et al., 2012; Xu et al., 2019),

1
1-16x0* b? 1 1 - 8x0? 1{1 160%\*
PC: XQ - 1_ ) TC: XQ ) rC+ =3 _2_ 2Q ’ (7'15)
8ary, 4w\ Axd, v 2\ b
where
/ 1 3 -3\ 2zk
Xp=2 —lzcos —arccos B ) Ll , k=0,1,3, (7.16)
3 3 2p\ p 3
and
3b? b?
P=—"3 q= T (7.17)
320 2560

Since, the critical point corresponding to x; is always a complex number, effectively we
have only two critical points. Based on these two values we can classify the system into four

different cases which depend on the value of 5.

* Case 1 (no PT), b < by: For this condition, the system behaves like a Schwarzschild
AdS black hole. The large black hole phase is stable and the small black hole phase is

unstable. Therefore there is no van der Waals like phase transition in this case.

» Case 2 (RPT), by < b < b;: In this condition, the system is characterised by two critical
points co and ¢1. However ¢ is an unstable point as it has a higher Gibbs free energy.
In this scenario, the system exhibits a zeroth-order phase transition and a van der Waals
like first-order phase transition, between a large black hole phase and an intermediate
black hole phase. These successive transitions are together termed as a reentrant phase

transition.

» Case 3 (RPT), by < b < by: This is another case of reentrant phase transition displayed
by the black hole. However, here the critical point ¢¢ lies in the negative pressure

region.
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» Case 4 (SPT), b, < b: Here the black hole exhibits the typical van der Waals like phase

transition with one critical point.

The values of the parameter b where the phase transition behaviour changes, are given

by,

03536 , _V3+2v3 04237 1 05

bp=——=—7—, b , by =—=—-. (7.18)
V80 0 60 0 20 0
For SPT situation, we introduce the reduced parameters, which are defined as,
P T V
P - T e — V = —. 7.19
r PC r Tc r g ( )

Since there are two critical points in the RPT case, there is no unique way of defining
the reduced parameters. However, there is only one critical point which appears in the phase
transition scenario of the black hole, the point where the first-order transition terminates. We

define reduced parameters considering that critical point as,

P T v
Po=—' T  y=_ (7.20)

cl cl cl

A clear picture of phase transition of BI-AdS black hole can be understood from the be-
haviour of the thermodynamic potential, as it determines the globally stable states of equilib-
rium thermodynamics. The thermodynamic potential for the system with fixed temperature
T, pressure P and charge Q is the Gibbs free energy, which is calculated from the Euclidean
action (Kubiznak and Mann, 2012a; Gunasekaran et al., 2012). The stable state of the system
then corresponds to the lowest Gibbs free energy. The expression for the Gibbs free energy

is given by,

1 87 2612 02\ 80? 115 @2
G(I,P) =+ |ro——Pr, - —=|1-4/1 —2F - :
LR=g -3 Pr-—3 ( T ) T 2 4

7.2.1 Standard Phase Transition Case

First, we study the Gibbs free energy for the SPT case by choosing O =1 and b =0.45, the

result is shown in Fig. 7.1. In these plots, a simple measure used for thermodynamic stability
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Figure 7.1: The behaviour of the Gibbs free energy G for the SPT case. Here, we take O =1 and
b=1. InFig. 7.1(a), the blue and red solid lines stand for stable states, whereas black dashed line for
unstable states. In Fig. 7.1(b) the direction of evolution of the system with increasing temperature
T is depicted. The solid red and blue lines correspond to SBH and LBH phase of the black hole,
respectively. The dot-dashed lines are the stable states not followed by the system.
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Figure 7.2: The coexistence curve (red solid line) and the spinodal curve (blue dashed line) for the
SPT of the black hole. The coexistence curve separates SBH and LBH phases. The region between
the coexistence curve and spinodal curves are the metastable SBH and LBH phases in respective
regions. The black dot ¢ denotes the critical point. Here we have taken Q=1 and 6 =1.

is the positivity of the specific heat. The negativity of specific heat stands for thermodynamic
instability. As we are working in the canonical ensemble in an extended space the specific
heat under consideration is the specific heat at constant pressure Cp. In this case (SPT),
the Gibbs free energy exhibits a typical swallowtail behaviour, which is the signature of a
first-order phase transition. This behaviour is seen for P < P, which disappears at P = P,
shown in Fig. 7.1(a), which is a second-order phase transition point. The system always
prefers a state with a low Gibbs free energy. From Fig. 7.1(b) it is clear that initially in low-
temperature region, the system chooses a SBH phase as it has a lower Gibbs free energy. As
the temperature increases, it follows the LBH phase branch at 7}, as it has a lower Gibbs free
energy. At this point, the system undergoes a first-order transition from SBH to LBH phase.

This transition is similar to the liquid-gas phase transition of a vdW fluid.
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b 0.6 0.7 0.8 0.9 1
P, 0.003486 0.003436 0.003405 0.003385 0.003371
T. 0.044251 0.043981 0.043815 0.043705 0.043628

Table 7.1: The critical values P, and T, for different values of b, with Q = 1, corresponding to the
SPT of the black hole.

The phase structure of the black hole for the SPT case is presented in Fig. 7.2 using the
coexistence and spinodal curves in the reduced parameter space. There exists no analytical
expression for the coexistence curve of the system, therefore we obtain it via a numerical
method by observing the swallowtail behaviour of Gibbs free energy. The coexistence curves
so obtained in the P, — T, plane are inverted for 7,,— V). plane. In the P, — T, plane, Fig. 7.2(a),
the coexistence curve separates the SBH and LBH phases of the black hole. The coexistence
region of SBH and LBH can be understood from 7, — V, plane, Fig. 7.2(b), which is the
region under the coexistence curve. In the coexistence region, the equation of state is not
applicable. To identify the metastable phases of the black hole, we find the spinodal curves,
blue dashed lines in Fig. 7.2, which are defined by,

OyP)r=0 and ©@yDp=0. (7.22)

The spinodal curves meet the coexistence curve at the critical point. The region between
the spinodal curve and coexistence curve corresponds to metastable phases. The region ad-
jacent to the LBH/SBH phase is the metastable LBH/SBH phase. Beyond the critical point c,
the distinction between the phases is not possible, which is termed as supercritical black hole
region. In the P, — T, plane the upper spinodal curve begins from zero, whereas lower one
starts from 7. = 0.716953. The latter one is slightly higher than that of RN-AdS black hole,
where it is 7. = v/2/2 = 0.707107, and little less than 27/32 = 0.84375 of vdW fluid (Wei
etal., 2019b). In the 7, — V; plane, the curve intercepts the x-axis at V,, = 0.163239 for 7, =0,
which is comparable to ¥, = 1/3v/3 = 0.19245 of RN-AdS case (Wei et al., 2019b). However
it is not the exact numerical value which is of interest, but the non zero value compared to
zero value for the vdW fluid. This non-zero value is related to the repulsive interactions in
the microstructure, which we will study in the next section. For completeness, we mention

that the spinodal curve adjacent to the LBH phase in 7,.— V. plane approaches infinity. Before
84



concluding the SPT case, we list the critical values of pressure and temperature for different
values of b in table 7.1, which we will be using to investigate the microstructure in section

7.3.

7.2.2 Reentrant Phase Transition Case

Now we focus on the reentrant phase transition exhibited by the BI-AdS black hole. Among
the two cases of reentrant phase transition (case 2 and case 3), we chose case 3 (b; <b < b) in
this chapter to demonstrate the associated properties. The results obtained are applicable for
the case 2 of by < b < by also. The reentrant phase transition can be better understood from
Gibbs free energy study, as shown in Fig. 7.3. In the G- T plots, for pressure P = P.;, which
corresponds to the second-order phase transition point, there is no swallow tail behaviour,
as seen from Fig. 7.3(a). The solid blue line represents a stable phase of the system (LBH)
with positive specific heat at constant pressure Cp, while the dashed black line stands for
unstable phase (SBH) of the system with negative Cp. We emphasise the fact that SBH
phase in RPT case is always unstable. There is no phase transition above the critical pressure
P.,. For pressures P < P.|, we begin to observe a first-order phase transition, the indication
being the swallowtail, Fig. 7.3(b). Here, we identify three temperatures, designated as 7,
T1 and T;. The points in the curve corresponding to 77 and 75 correspondingly connect
the stable LBH (blue line) and stable IBH (red line) branches to unstable branches (dashed
black). The temperature 7y, which is the intersection of the stable IBH and LBH branches,
is the point where a vdW like IBH-LBH first-order phase transition occurs. As we decrease
the pressure, the mere first-order phase transition situation continues till P = P,, where we
have T = T, = T, which is depicted in Fig 7.3(c). Further decreasing the pressure, P < P,
leads to a scenario where an additional zeroth-order phase transition is also exhibited by the
system, Fig 7.3(d). This happens for a range of pressures P; < P < P,, with T} < T» < Tj.
For a fixed pressure in this range, if the system is at some temperature 7 initially, then it
stays in LBH phase as the temperature increases, till 7= 75. At temperature 75, the system
finds a stable branch with lower Gibbs energy and jumps into the IBH phase. Unlike a first-
order phase transition, there is a finite change in Gibbs free energy during this transition.
Further, the system undergoes a secondary phase transition at 7 = 7y from IBH to LBH
phase, which is a first-order transition. In effect, the system undergoes LBH/IBH/LBH phase

transition, the initial and final phases being the same. This is termed as a reentrant phase
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transition. This phenomenon disappears at P = P;, with Ty = T = T;, where the system
has only LBH phase, Fig 7.3(e). There is no zeroth order or vdW like first-order phase
transitions possible for the pressures P < Py, Fig. 7.3(f), wherein only the LBH phase exists.
In short, the system exhibits both first order and zeroth-order phase transition for the range of
pressures P € (Py, P;) and temperatures 7 € (73, T-), whereas only first-order phase transition

for P€ (P;,P.1) and T e (T,, T,1).
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Figure 7.3: The behaviour of the Gibbs free energy G for the RPT case. We take O =1 and b = 0.45.
The black dashed lines corresponds to negative Cp, whereas blue and red lines correspond to positive
Cp. The solid red and blue lines are states preferred by the system over the dot-dashed red and blue
lines.

The phase diagrams of the black hole corresponding to the reentrant phase transition case
is presented in Fig. 7.4. As in SPT case, here also the results are obtained numerically by

observing the behaviour of Gibbs free energy. Interestingly, for all values of pressure, we
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Figure 7.4: Phase diagrams for reentrant case. (a) Black line separates no black hole region from
black hole region. First order coexistence curve (solid red) and zeroth order phase transition line
(solid magenta) are also shown. (b) The transition lines and the spinodal curves for the RPT of the
black hole. ¢q and c; are the two critical points. At ¢ spinodal curve meets first order coexistence
curve. (c) The enlarged reentrant phase transition region. The points ¢ and z correspond to (P, T})
and (P, T;), respectively. (d) Phase structure in the 7, = V¥, plane. Here, the near origin behaviour is
shown in the inset. In all these plots we have taken Q=1 and b =0.45

find that there is a lowest temperature below which there is no existence of black hole. The
line which separates the black hole solutions from no black hole region is obtained by noting
the temperature 7, for pressures P > P, and T; for P < P, from the Gibbs free energy plots
(Fig. 7.3). The result is shown in 7.4(a), where the separation line (black solid curve) has
a discontinuity at (P;, 7). In the same plot, the transition lines of zeroth-order and first-
order phase transition are also given. As 7 is the zeroth-order phase transition point in the
pressure range P € (P, P;), the corresponding transition line (solid magenta line) matches
with the extension of no black hole line from P, to P;. The first order coexistence line (red
solid line) is also obtained from the Gibbs free energy behaviour. The first order coexistence
curve and zeroth-order transition line meet at (P;, 7;), which is the triple point. The zeroth

order transition line terminates at (P, T7), and the other at the critical point (P, 7,,).

Here too we obtain the spinodal curves using the definition Eq. 7.22, which are shown

in Fig. 7.4(b) along with the transition lines. The spinodal curve, the extremal points of the
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b 0.43 0.44 0.45 0.46 0.47 0.48 0.49
Py -0.000663 -0.00186 -0.003253 -0.004888 -0.006838 -0.009242 -0.012447
T, 0.033189 0.030199 0.026885 0.023198 0.019061 0.014328 0.008676
P, 0.003711 0.003686 0.003663 0.003643 0.003625 0.003609 0.003594
T,y 0.045414 0.045289 0.045176 0.045074 0.044981 0.044895 0.044817
P, 0.002225 0.001922 0.001612 0.001294 0.000971 0.000644 0.000318
T; 0.037435 0.035249 0.032722 0.029762 0.026208 0.021759 0.015646
P, 0.002395 0.002101 0.00179 0.001464 0.001122 0.000747 0.000357
T, 0.037658 0.035457 0.032906 0.029914 0.026322 0.021821 0.015663

Table 7.2: The values of (P.g, Tc0), (Pc1,T¢1), (Py, Ty) and (P, T;) for different b values, with O =1,
corresponding to the RPT of the black hole.

isothermal and isobaric curves by definition, have two turning points in the reentrant case,
which are marked as ¢y and ¢;. As mentioned earlier, in case 3, which we have chosen,
the point ¢ lies in the negative pressure region. The region between (P, T;) and (P, T7)
is enlarged in Fig. 7.4(c). Note that, for {P < P, T < T-} the spinodal curve and no black
hole line are the same. The regions separated by first-order coexistence line and zeroth-
order transition line are clearly seen here. As both zeroth-order and first-order transitions
are between IBH and LBH both lines separate these two phases in their respective domains.
In Fig. 7.4(d), the phase structure for the reentrant case is given in 7, — V, plane, where
the coexistence region of IBH and LBH is clearly shown. The IBH region is on the left,
and the LBH is on the right side of the coexistence curve. As in P, — T, plane here also
the spinodal curve has two turning points, at the critical points ¢y and c;. In contrast to the
case of SPT, here, the spinodal curve does not intersect the V, axis near the origin, instead
shoots to infinity. On the other side, near the LBH phase, there is no change in the behaviour.
The region near the origin is enlarged in the inset, where it can be seen that the IBH branch
terminates when it meets the spinodal curve. Before concluding this section we list the values
of (P.o, T0), (Pe1, Te1), (Py, Ty) and (P, T) for different b values for the reentrant case in table
7.2.
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7.3 Ruppeiner Geometry and Microstructure of the Black
Hole

In this section, we investigate the microstructure of four-dimensional Born-Infeld AdS black
hole using Ruppeiner geometry, constructed in the parameter space with fluctuation coordi-
nates as temperature and volume. Particularly, we are interested in the microstructure that
leads to the reentrant phase transition. As we will see, the underlying microstructure for the
SPT has similarity with the RN-AdS black hole phase transition, whereas the RPT emerges

due to a different nature of the black hole microstructure.

7.3.1 Standard Phase Transition Case

We obtained the normalised curvature scalar Ry for the four-dimensional Born-Infeld AdS
black hole using the above definitions. The SPT and RPT cases are analysed separately.
The curvature scalar Ry is expressed in terms of reduced parameters using Eq. 7.19 and
Eq. 7.20 in the respective cases. First, we will analyse the SPT case. It is found that the
behaviour of Ry for SPT case is similar to that of RN-AdS black hole. The functional be-
haviour of Ry against thermodynamic volume V. for a fixed temperature of 7} is studied in
fig. (7.5). For T, < 1, below critical temperature, Ry has two negative divergences. These
two divergences gradually come closer as temperature increases and merge at 7. = 1. The
divergence at critical temperature occurs at V. = 1. For temperatures above the critical value,
both divergences disappear. The divergences of Ry are related to the spinodal curve. In fact,
Ry diverges along the spinodal curve. Since V. is doubly degenerate in the 7;. — V. spinodal
curve (Fig. 7.2(b)), below critical point, it leads to two divergences for 7, < 1. For low
temperatures, we notice that Ry takes positive values in a very small domain (shown in the
insets of Fig. 7.8(a), near the origin) as V. — 0, which is the small black hole phase. We
observe positive Ry on both sides of the near origin divergence. The left side corresponds
to the SBH phase (shaded yellow) and the right side corresponds to the coexistence phase
(shaded green). The shaded yellow region exists for all temperatures 7, whereas the shaded
green region disappears after a particular 7,. This can be understood clearly using the sign-
changing curve later (Fig. 7.6(a)). The yellow region implies that the SBH phase has a
dominant repulsive interaction. On the other hand, the LBH phase is always characterised

by the dominant attractive interaction. To check whether the repulsive interaction regions
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Figure 7.5: The behaviour of the normalised Ruppeiner curvature scalar Ry with the reduced volume
V, at a constant temperature for SPT. The insets show the enlarged portion near the origin. (Note
that inset plot is in log scale). Ry has positive values for small values of V., which is depicted by
shaded regions. The yellow and green shaded regions correspond to SBH and coexistence phases,
respectively.

are thermodynamically stable, we present the regions of Ry with different sign in 7, — V.
plane along with the coexistence and the spinodal curves (fig. 7.6(a)). The sign-changing
curve of Ry is obtained by setting Ry = 0. The solution satisfy the condition Ty, = T,/2,
where Ty, is the sign-changing temperature and Ty, temperature along the spinodal curve.
In fig. 7.6(a), the shaded region corresponds to the negative sign of Ry. Region 1 is the
coexistence region of SBH and LBH. Region 2 lies in the metastable phase, which is not
interesting from the thermodynamic perspective. Region 3 includes part of SBH phase of
the black hole, implying repulsive interactions among the small black hole constituents.

We now examine the behaviour of Ry along the coexistence curve and study the critical
phenomena 7.6(b). The nature of interaction can be better understood from the behaviour of
Ry along the coexistence curve. From Fig. 7.6(b) it is clear that LBH phase always has dom-
inant attractive interaction (Ry always negative), whereas, the SBH phase switches to dom-
inant repulsive interaction (Ry positive) from dominant attractive interaction (Ry negative)
for low temperature values. The analysis for different values of Born Infeld parameter b in the

SPT range was performed numerically. In the reduced coordinates, when the type of interac-
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Figure 7.6: 7.6(a): The sign changing curve of Ry (brown dot-dashed line), spinodal curve (brown
dashed line) and the coexistence curve (red solid line) for SPT. The shaded region (grey) corresponds
to positive Ry, otherwise Ry is negative. Region 1 and (2,3) respectively correspond to green and
yellow shaded regions in Fig. 7.5(a). The black dot at (1, 1) represents the critical point. 7.6(b): The
behaviour of normalised Ruppeiner curvature scalar Ry along the coexistence curve. The red (solid)
line and blue (dashed) line correspond to large black hole and small black hole, respectively. The
change in nature of interaction of SBH is shown in inset, where Ry flips its sign. Here, the blue dot
corresponds to sign changing temperature.

tion in SBH switches between attractive and repulsive interaction, for » = (0.6,0.7,0.8,0.9,1)
the corresponding temperatures are (0.67063,0.708075,0.724286,0.733273,0.738949). For
temperatures above these, the absolute value of the curvature scalar of the LBH is greater
than that of the SBH. This implies that the attractive interaction in the LBH is stronger than
SBH. Both the SBH and LBH branches diverge to negative infinity at the critical point. This
can be seen as being due to the divergence of correlation length at the critical point. This
is a universal behaviour observed in other black hole systems in AdS spacetime. We obtain
the critical exponent of the normalised scalar curvature Ry at the critical point. Since the
analytical expansion is not feasible, we assume that the scalar curvature has the following
form near the critical point,

Ry~(—T)™ (7.23)

Taking logarithm on both sides,

In|Ryl = —aln(l - T,) + B. (7.24)

Along the coexistence curve, for O =1 and b = 1 we obtained,

In|Ryl =-2.076291In(1 - 7,) —2.67658, (7.25)
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Figure 7.7: The fitting curves of InRy vs In(1 — 7},) near the critical point. The red dots are numerical
data and blue solid lines are obtained from fitting formulas. We have varied 7, from 0.99 to 0.9999 to
obtain numerical data. (a) The coexistence saturated SBH branch (b) The coexistence saturated LBH
branch

for the SBH branch and,
In|Ry| =-1.91868In(1 — 7;) — 1.44762, (7.26)

for the LBH branch. These are shown in Fig. 7.7. Considering the numerical errors we have

the critical exponent o = 2. Averaging the f values, we have,
Ry(1 = T,)% = ¢~ @67658+14476212 _ _() 127187 » _é. (7.27)
From the numerical results given in table 7.3, we have,
Ry(1-T1)?% = —(0.130298,0.128815,0.128012,0.127517,0.127187), (7.28)

for b =(0.6,0.7,0.8,0.9, 1), respectively. These values are slightly more negative than —1/8 =
—0.125. Our results are in agreement with that of both the charged AdS black hole and vdW
fluid, which have a Ry with a critical exponent of 2 and constant value of —1/8 for Ry (17, )2,
near the critical point, which is a universal behaviour.

To summarise the nature of interaction in the underlying microstructure of SPT, the LBH
phase is always characterised by attractive interaction (like a bosonic gas), whereas, the SBH

phase can have both attractive and repulsive interaction (like a quantum anyon gas).
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b 0.6 0.7 0.8 0.9 1
a (CSSBH)  2.06414 2.06982  2.073  2.07496 2.07629
—B(CSSBH) 2.57849  2.6243  2.64994 2.66583 2.67658
a (CSLBH) 19239  1.9215 1.92011 1.91926 1.91868
—B(CSLBH) 1.49737 1.47446 146131 145317 1.44762

Table 7.3: The values of a and f obtained by numerical fit for coexistence saturated small black
holes (CSSBH) and coexistence saturated large black hole (CSLBH) for different values of b, with
O =1, for the SPT case.

7.3.2 Reentrant Phase Transition Case

We analyse the underlying microstructure of the black hole that results in RPT using the
same method as before. The normalised Ruppeiner curvature scalar is plotted against the
volume for constant temperatures in Fig. 7.8. Compared to the SPT case, here we observe
an additional divergence for all temperatures 7' > T, and only one divergence for 7' < Ty.
This is because, the spinodal curve has a different structure in the RPT case (Fig. 7.2(b))
compared to SPT case (Fig. 7.4(d)). For phase transition temperatures, which lie in the
range T € (Ty, T.1), there exist three divergences as shown in Fig 7.8(a) and Fig. 7.8(b). Most
general conclusions on the appearance of this divergences can be learnt from the spinodal
curve. Here, the left-most divergence, say d;, corresponds to the spinodal curve branch
that shoots to infinity after turning from ¢y in Fig. 7.4(d), which exists for temperatures
T> T.o. The middle divergence, say d», corresponds to the spinodal curve between ¢y and
c1, appearing in the temperature range 7 € (T, 7.1). And the rightmost divergence, say
d3, is on the spinodal curve on the LBH side after ¢;, which present for all temperatures
T< T, . At T =T, divergences d and d3z merge together at V, = 1, leaving only in total
two divergences, Fig. 7.8(c). For completeness we mention that, at 7,y divergences d
and d, merge together, which is not relevant and hence not shown here. Interestingly, one
divergence remains even for temperatures 7> 7,1, Fig. 7.8(d). These divergences separate
different phases of the black hole from each other in the Ry — ¥V, plane, which enables us to
search for the kind of interaction in each phase. The region between d; and d> corresponds
to IBH phase and right side of d3 to LBH phase. Left side of d;, and between d, and d3 are
coexistence regions. Contrary to the SPT case, Ry always takes negative values, implying
only a dominant attractive interaction in all of the phases in RPT case. We search for a

possible repulsive interaction at low ¥, values, shown in the inset of Fig. 7.8(a), which is a
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Figure 7.8: The behaviour of the normalised curvature scalar Ry against the volume V. at constant
temperature 7} for the RPT case. For T'< T, there are three divergences, of which two are near the
origin shown in insets of (a). For temperature 7 = 7| one divergence disappears. Unlike SPT case,
for temperatures 7> T,; we still have one divergence (d). Here, we take O =1 and b = 0.45.

null result. This result is true for all phase transition temperatures. In short, for RPT case

the black hole microstructure has only attractive interactions.

We confirm the above result by looking at the region covered by the sign-changing curve
(Fig. 7.9(a)). The positive Ry values, shaded region, do not overlap with any stable state
of the system. Note that the transition line of the zeroth-order phase transition (solid ma-
genta line) also lies outside the shaded region. Near origin domain is enlarged in the in-
set for clarity. The behaviour of Ry along the transition curve is analysed in Fig. 7.9(b).
We consider the first-order phase transition coexistence curve and the zeroth-order transi-
tion curve. As the zeroth-order transition line is not a coexistence curve, it gives only one
branch. We consider only the region of temperature where the phase transition takes place,
T; < T < T,, as below the temperature 7} there is no phase transition. Once again, the posi-
tive sign of Ry asserts that, both IBH and LBH phases have dominant attractive interaction
(like a bosonic gas). That is, during a reentrant phase transition in BI-AdS black hole, both
the zeroth-order and first-order transition preserve the nature of the interaction between the

microstructures. However, we notice that the correlation between the constituents changes
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Figure 7.9: 7.9(a): The sign changing curve (brown dot-dashed line) of Ry, spinodal curve (blue
dashed line) and the coexistence curve (red solid line) for the RPT case. The shaded region (grey)
corresponds to positive Ry, elsewhere Ry is negative. All the stable phases, including near the zeroth
order transition line (solid magenta line), lie outside the shaded region. The region near the origin
is enlarged and shown in inset. 7.9(b): The behaviour of normalised curvature scalar Ry along the
transition line of first-order and zeroth-order phase transition. The red (solid) line and blue (dashed)
lines correspond to LBH and IBH phases, respectively. Both diverge at the critical point. The IBH
branch suffers a discontinuity near the triple point 7;. The dot-dashed magenta line between 7} and
T, (clearly shown in the inset) corresponds to the LBH phase of zeroth-order phase transition, which
is a miniature version of the other LBH branch with a divergence at 7., which corresponds to the
termination point of the transition. In the plot, the temperatures corresponding to the blue dots #* and
** are Tr =0.72803 and 7T* = 0.780668. We take Q = 1 and b = 0.45, respectively.

at different temperatures. The flipping temperatures are clearly shown in Fig. 7.9(b) in blue
dots. For zeroth-order transition (jumping from blue dashed line to magenta dot-dashed line
and vice versa), IBH phase has higher correlation strength than LBH in the temperature range
Te (T, T*). This property is reversed in the region T'€ (T*,T,). On the other hand, for the
first-order phase transition (jumping from blue dashed line to red solid line and vice versa),
IBH phase exhibits higher correlation among the constituents than LBH for temperatures
Te (T;, T**), which is flipped for T € (T**, T,1). In fact, the change in the strength of the in-
teraction is also present in SPT case. Interestingly, near the triple point, IBH phase shows a
huge surge in correlation, whereas the correlation in LBH phase here, is very weak. Also, the
red and magenta line merge near 73, signifying the meeting and termination of zeroth-order
and first-order transition line at that point. As in SPT case near the critical point the diverg-
ing correlation length leads to diverging Ry. For magenta line it happens at 7, in a sense
(P, T>) acts as a critical point (see for example (Altamirano et al., 2013)). During a RPT, the
initial and final phases are the same from the macroscopic point of view. Microscopically,
this is almost true for 7'< T*, where red and magenta line (initial and final states in RPT) are
close together. However, for T'> T* there is a difference in strength of interaction, which

becomes considerable near 7*.
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b 0.43 0.44 0.45 0.46 0.47 0.48 0.49
a (CSIBH) 191582 2.01262 2.07636 1.99898 2.02411 2.03111 2.03868
-p (CSIBH) 1.68789 2.2181 2.56921 2.17032 2.31204 2.357 2.40382
a (CSLBH) 2.04466 1.9619 191492 1.99174 1.95724 19511 1.94448
—-p (CSLBH) 2.19809 1.75127 1.49509 1.8951 1.70734 1.67 1.63093

Table 7.4: The values of a and f obtained by numerical fit for coexistence saturated intermediate
black holes (CSIBH) and coexistence saturated large black hole (CSLBH) for different values of b,
with O = 1, for the RPT case.

The critical phenomena of Ry is studied for different values of » numerically using Eq.

7.23. From the numerical results given in table 7.4, we have,

Ry(1—T;)? = —(0.143275,0.137424,0.131053,0.13098,0.13403,0.13352,0.133004),
(7.29)

for b =1(0.43,0.44,0.45,0.46,0.47,0.48,0.49), respectively. As in the case of SPT, these val-
ues are slightly more negative than —1/8. Within the numerical errors we have obtained the
universal constant Ry(1 — 7,)2 as —1/8 and the critical exponent 2 in RPT case too. To cut a
long story short, we observe the existence of only homogeneous dominant attractive interac-
tion in the black hole for RPT case, and both repulsive and attractive interaction in SPT case.
This difference in the microstructure interaction for SPT and RPT in BI-AdS black hole tells

that the microstructure is determined by the coupling parameter b.

7.4 Discussions

In this chapter, we have studied the microstructure of four-dimensional Born-Infeld AdS
black hole employing a novel Ruppeiner geometry method. As the entropy and volume are
interdependent in a spherically symmetric AdS black hole, the application of Ruppeiner ge-
ometry for such a system must be carried out with utmost care. Keeping this in mind, we
have constructed the Ruppeiner curvature scalar in the parametric space where the temper-
ature and volume are the fluctuation coordinates. We investigated the phase structure and
the corresponding microscopic interactions for both the standard van der Waals (SPT) and

the reentrant phase transitions (RPT), where a first-order phase transition is accompanied
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by a zeroth-order transition. We found that the microstructure that leads to RPT is distinct
from that of SPT. Our study shows that the Born Infeld coupling coefficient b determines the
microscopic interaction of the black hole. Since the analytical investigation is not possible

due to the complexity of the spacetime, we have carried out the study numerically.

In the first part of the chapter, we investigated the phase structure of the black hole using
the spinodal and transition curves in SPT and RPT cases. The black hole has four different
cases depending on the value of b, and shows the distinct RPT for certain pressure range.
There are two RPT cases with two critical points in each. It is found that the phase structure
associated with SPT and RPT are distinct. The phase diagrams are presented in pressure-
temperature (P — 7T) and temperature-volume (7 — V) planes, where, stable, metastable and
coexistence phases are studied. In both SPT and RPT cases, we conveniently define the

reduced parameters and all analyses were carried out in terms of them.

The second half of the chapter is devoted to the study of microstructure, which reveal
distinct microstructure for SPT and RPT cases. Two important features, the nature of in-
teraction and strength of correlation are sought for in this study. The microstructure that
corresponds to SPT is analogous to that of RN-AdS black hole. The small black hole phase
shows a dominant repulsive interaction in a certain range of parameters. As the interaction
in this phase is attractive in other domains of parameter space, the interaction type resem-
bles that of a quantum anyon gas. The large black hole phase is always characterised by the
dominant attractive interaction, like a bosonic gas. These are inferred from the sign of the
Ruppeiner curvature scalar Ry. For both small black hole and large black hole branches, it
diverges near the critical point. The RPT case has a different microstructure compared to
the SPT case, wherein no repulsive interaction is present for both the intermediate and large
black hole phases. The nature of microstructure does not change during the zeroth-order
and first-order phase transition in RPT, which as a dominant attractive interaction. This sug-
gests that the nature of interaction in RPT case is always like that of a bosonic gas. Both,
intermediate and large black hole, branches diverge near the physically meaningful critical
point. The signature of RPT is reflected in the behaviour of curvature scalar, through its
anomalies near the termination points of the zeroth-order phase transition. The strength of
interaction depends on temperature, which is inferred from the magnitude of the curvature
scalar, the high correlation phases are flipped at certain temperatures for both zeroth-order

and first-order transition. In fact, this reversal of correlation strength is true for SPT case too.
97



The critical phenomenon of the system is investigated via curvature scalar. The universal
properties, critical exponent-2 and the constant Ry(1 —7,)% = —1/8, are obtained for SPT and
RPT cases over a range of b values. We believe that this study will help us shed more light

on the black hole microstructure in general.
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Chapter 8

Final Remarks

Stay hungry stay foolish.

Steve Jobs, originally took from the Whole Earth Catalog (1974)

8.1 Conclusions

The aim of this research was to study the aspects of black hole chemistry, particularly the
phase transitions and microstructures. With that objective, we have accomplished the fol-

lowing results.

1. We have shown that the phase transition of a magnetically charged black hole is de-
termined by the magnetic potential. The symmetry or the order degree of the regular
black hole is governed by the magnetic potential. The changing symmetry results in
different phases of the system, which is investigated using the Landau theory of con-

tinuous phase transition.

2. Using the formalism of unstable circular null geodesics for a class of regular black
holes, we find a close connection between gravity and thermodynamics in the ex-
tended phase space. The well-known van der Waals-like phase structure is probed via
the photon orbit radius s and minimum critical impact parameter u,;. The differ-
ences Ar,s and Auy, serve as order parameters for the critical behaviour, with critical
exponents 0 = 1/2. Our results show that regular black holes are in close proximity

with charged AdS black holes in phase transition perspectives.

3. We studied the microstructure of the AdS black holes by employing a novel Ruppeiner
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geometry method. Even though the black hole shows van der Waals like phase transi-
tion, the microstructure properties differ in some aspects. In van der Waals fluid, the
dominant interaction among the constituent molecules is always attractive, which does
not change during the phase transition. The change in microstructure does not lead to
any change in the nature of microscopic interaction. However, in Hayward-AdS black
hole, there exists a domain, low-temperature range for the small black hole, where the

dominant interaction between the black hole molecules is repulsive.

4. We have studied the microstructure associated with the reentrant phase transition of
four-dimensional Born-Infeld AdS black hole. We found that the microstructure that
leads to reentrant phase transition (RPT) is distinct from that of standard phase tran-
sition (SPT). Our study shows that the Born Infeld coupling coefficient  determines

the microscopic interaction of the black hole.

8.2 Future Directions

We are intended to extend our research to the thermodynamics of black holes in the de-Sitter
background. In the de-Sitter spacetime, we have to deal with two horizons: the black hole
event horizon and the cosmological event horizon. These two horizons emit thermal radia-
tions at different temperatures. Therefore the black hole does not possess thermal stability.
However, the study of black hole thermodynamics in de-Sitter space is more appealing since
the current phase of the universe is undergoing an accelerated expansion. The cosmological
constant arises from the fluctuating vacuum energy regarded as the possible candidate for
the accelerated expansion of the universe. For the de-Sitter black holes, separate thermody-
namics laws are formulated for each horizon, and their thermodynamics is studied as if they
were independent systems characterised by their own temperature (Kubiznak and Simovic,
2016).

Another possible extension of our work is in the direction of horizon thermodynamics.
In this exciting domain of thermodynamics of spacetime, the dynamical equations of gravity
often interpreted as thermodynamic equation state (Jacobson, 1995). In horizon thermody-
namics, Einstein equations on the horizon of a spherically symmetric spacetime can be inter-
preted as a thermodynamic identity (Padmanabhan, 2002). There were attempts to compare

the horizon thermodynamics with the extended phase space thermodynamics of asymptoti-
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cally AdS black holes (Hansen et al., 2017). We seek more investigations in this regard.

We are aim to meet the following objectives in future,

* To make a more detailed study on the connection between extended phase space ther-

modynamics and horizon thermodynamics.

* To study thermal energy extraction (black hole as heat engine (Johnson, 2014)), the
correlation between the photon orbit and phase transition, and the Joule Thomson ex-

pansion for de-Sitter black holes.

+ To apply the Ruppeiner geometry methods to de-Sitter black holes and probe the nature

of its microstructure interaction.

* To explore more about the connection between gravity and condensed matter system

in a more general perspective.
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Appendix

Gravity Coupled to Non-linear Electrodynamics

Nonlinear electrodynamics (NED) appeared in the famous work due to Born and Infeld to
remove the central singularity of a point charge and the related energy divergence by gen-
eralising Maxwell’s theory (Born and Infeld, 1934), including an arbitrary function of the
electromagnetic field invariants. Such generalisation, when applied to the black hole solu-
tion, does not remove the very existence of central curvature singularity. For that, we need
models of NED in modern studies, which to a large extent is motivated by the discovery that
some kinds of NED appear as limiting cases of certain models of string theory (Seiberg and
Witten, 1999; Tseytlin, 1999). For example, recently, it has been studied in (Nicolini et al.,
2019) to show that some stringy corrections to black hole spacetimes may emerge directly
from string 7-duality, wherein the authors have exploited the relation between the 7-duality
and the path integral duality, and derive a consistent black hole metric for the spherically
symmetric, electrically neutral case. It turns out that the new spacetime is regular and is
formally equivalent to the Bardeen metric, apart from a different ultraviolet regulator.

It is also clear that the real electromagnetic field should lose its linearity at high ener-
gies due to interactions with other physical fields, and NED theories may be considered as
a simplified phenomenological description of these interactions. On the other hand, NED
as a possible material source of gravity is able to create various non-singular geometries of
interest, in particular, regular black holes in the framework of general relativity (GR) and
alternative theories. Such solutions are widely discussed in the literature. In (Bronnikov and
Shikin, 2002), a no-go theorem was proved to show that if NED is specified by a Lagrangian
function £ (&) (where & = F,,F*' and F,,,, is the Maxwell tensor), then for a static, spheri-
cally symmetric solution of GR with an electric field has a regular centre, there exists no such

function £ (&) which has a Maxwell weak-field limit (£ ~ % as & — 0). For purely mag-
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netic regular configurations, the black hole solutions are possible and are readily obtained
under the condition Ly — £, < 00 as & — oo. Electric models with the same regular
metrics can be obtained from the magnetic ones using the so-called F/P duality that connects
solutions with the same metric corresponding to different NED theories. It should be stressed
that /P duality connects solutions of different theories: given £ (&), the functional depen-
dence #(P) =2F Lg — L (F) (with Lg = az and P = P,,P*", where P, = L F,,) is in
general quite different from £ (&), an evident exception being the Maxwell theory, where
& = F = S = P, where the present duality turns into the conventional electric-magnetic du-
ality. So FP duality has nothing to do with the electric-magnetic one studied in (Bronnikov
et al., 1979; Bronnikov, 2001, 2000), where the field equations of a specific theory were

required to be duality invariant, and this condition selected a narrow class of Lagrangians.

Construction of regular black holes solution

We present the regular black holes solutions in the background of anti-de Sitter spacetime.
The solutions we are interested in, the Hayward and the Bardeen black holes, can be de-
rived from Einstein gravity minimally coupled to nonlinear electrodynamics with negative

cosmological constant A given by the action (Fan and Wang, 2016),

=T Gfd“x\/ [R— L (F)+2A] (8.1)

where R and g are the Ricci scalar and the determinant of the metric tensor, respectively.
L (&) is the Lagrangian density of nonlinear electrodynamics which is a function of & =
FwF* with F,,, = 2V(,4,), the strength tensor of nonlinear electrodynamics. Varying the

action (Eq. 8.1), with respect to g, and 4, we have the field equations of the form,

Guw+Agw = Ty, (8.2)

0L (F)
Vi oF

FV”) =0, U (+FM)=0, (8.3)
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where T, is energy-momentum tensor, which can be written as

1
Tuvzz ngyaFg_Zgyvx(g) , (8.4)

where Lz = %. In this chapter, we contemplate static spherically symmetric black

holes with magnetic charges. To construct such black hole solutions, we follow the general
procedure given as in Ref. (Fan and Wang, 2016). The regular Hayward black hole solution

can be obtained from the Lagrangian density,

3/2
T PR

—, (8.5)
& (1+@F))’

with a > 0 which has the dimension of length squared. The four-dimensional spherically

symmetric black hole is described by

+r7dQ3, (8.6)

ds? = —(1—2m(r))dt2+ dr’

(2]

where m(7) is the mass function containing the mass within radius » and dQ% = d6?+sin® Odg?,

r

is a 2-dimensional unit sphere. For a spherically symmetric spacetime, F,, admits two non-
vanishing components, Fy. and Fy,. For a pure magnetic charge only Fy, survives. The

ansatz for [, for a purely magnetically charged black hole reads,

Fouy=260,0%% (r,0). (8.7)
Utilizing Eq. (8.7) in Eq. (8.3) and integrating it, we have,

Fpy=267,0%,q (1) sin. (8.8)

Eq. (8.3) implies dF = 0 which in turn reads ¢’ (r)dr AdO Adp = 0, leading to g (r) = constant =
On. The constant Q,, is identified with the magnetic monopole charge of the nonlinear

electrodynamics. Then, the resulting Maxwell tensor reads with only component,

Fg(p =—lpy = _Qm sind, (89)
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and hence the gauge potential and the Maxwell invariant for this field turn out to be,

’ 20;,
Ay =Qmcosto,, 9:7. (8.10)
Using this result the Lagrangian (8.5) can be casted as,
3/2
12 (2a03
L) =— (200, (8.11)

o (13 + (2a02)34)

The two independent non-zero components of the Einstein field equations, using energy-

momentum tensor (Eq. 8.4), can be obtained as

2 /
mz(r) “A=2L0), (8.12)
r
I
) A= (201 - 25 (IFFy,). (8.13)
r
The solution of Eq.(8.12) is calculated to be,
2M? AP
m(l’):m'l‘T, (814)

where M the mass of the black hole and g the free integration constant that is related to the

magnetic charge O,,, are identified as,

M=a"'g®,  0On=-"=. (8.15)

Thus, from Eq. (8.6) the metric for a regular Hayward AdS black hole in four-dimensional

spacetime reads,

ds? = —flr)de* + L2y 2dQ3, (8.16)
)
with the metric function
M AR
=1-=——-]. 1
) g 3 (8.17)

Similar procedures follow for the regular Bardeen AdS black hole with the following

Lagrangian density,
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5/4
Py =12 @F)

% (1+ @'

57 (8.18)
)
The corresponding line element for a spherically symmetric spacetime has the same form as

Eq. (8.16), with the metric function,

2M? Ar?
(7.2 +g2)3/2 3

fir) =11

(8.19)
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